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Abstract

We construct a tractable general equilibrium model of cumulative innovation and growth, in which
new ideas strictly improve upon frontier technologies, and productivity improvements are drawn in
a stochastic manner. The presence of positive knowledge spillovers implies that the decentralized
equilibrium features an allocation of labor to R&D activity that is strictly lower than the social
planner�s benchmark, which suggests a role for patent policy. We focus on a �non-infringing inventive
step� requirement (or �patent breadth�), which stipulates the minimum improvement to the best
patented technology that a new idea needs to make for it to be patentable and non-infringing. We
establish that there exists a �nite patent breadth that maximizes the rate of innovation, as well as
a separate optimal breadth that maximizes welfare, with the former being strictly greater than the
latter. These conclusions are robust even when allowing for an additional instrument in the form of
patent length policy.
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1 Introduction

Long run growth continues to be an important topic of research for economists, despite the onset of the

Great Recession in 2008 and the attention this has drawn to business cycle �uctuations. It is widely

recognized that long run growth is ultimately driven by innovation. It follows that innovation-relevant

policies such as the protection of intellectual property rights (IPR), antitrust laws and institutions of

property rights protection in general can crucially a¤ect long run growth outcomes (e.g., North and

Thomas 1973; Romer 1990). This view is supported by a number of empirical studies which have

found that the protection of intellectual property has contributed greatly to growth, particularly in such

key industries as pharmaceuticals, chemicals, data processing equipment and biotechnology (Gould and

Gruben 1996; Maskus and McDaniel 1999).

The economic analysis of IPR protection has thus focused on the e¢ cacy of patents as an instrument

for promoting research, growth and welfare. The bulk of this literature has arguably focused on �patent

length� � the duration of a patent�s validity � as the key policy of interest. In this regard, there is

now a well-developed argument for the existence of an optimal patent length in a broad class of models

where innovation expands upon the set of products (e.g., Nordhaus 1969; Tirole 1988; Grossman and Lai

2004): An increase in the patent length induces a higher rate of innovation by extending the duration

of the innovator�s monopoly power (the dynamic gains), and this is traded o¤ at the margin against the

consumer surplus that is conceded (the static losses).1

In practice, however, there are many dimensions to patent protection. Innovation often also takes the

form of improvements, where new technologies continually build upon old ones in a cumulative fashion,

rather than create a radically new product. In order to provide su¢ cient incentive for innovation, the IPR

regime thus has to protect patent-holders from minor, incremental ideas. Toward this end, patent systems

typically contain clauses that require future inventions to demonstrate a large enough improvement in

order for them to be non-infringing and patentable. In this paper, we develop a model of endogenous

growth with cumulative productivity/quality improvements, and apply it to investigate the e¤ects of

instituting a �patent breadth�(or a �inventive step�requirement) to protect intellectual property in the

above spirit, namely by regulating how di¢ cult it will be for a new idea to be considered non-infringing

and patentable.

Is the patent breadth in fact a relevant and active policy margin? We would argue that the answer

is a¢ rmative. Ordover (1991) and Maskus and McDaniel (1999) describe how Japan adopted a policy

of narrow patent breadth during 1960-1993, in order to encourage more innovation and facilitate its

catch-up with more advanced countries at that time. More recently, despite the harmonization of patent

1Boldrin and Levine (2008) have argued that the patent system as currently conceived and implemented, cedes too much
power to incumbent patent-holders to the extent that it has discouraged innovation e¤ort instead.
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length among WTO signatories under the TRIPS agreement, individual countries still have discretion to

implement varying patent breadth standards, as re�ected in di¤erences in what constitutes infringement.

For example, in its 24 August 2012 judgement on the Apple v. Samsung case, a US court found Samsung

to be guilty of infringing on Apple�s patents. But just a few days later on 31 August, a Japanese court

reached the opposite conclusion.2 This outcome con�rms the view of many that the US tends to a¤ord

relatively broad patent protection compared to some other developed countries. Examples of the speci�c

means by which the authorities can reduce the patent breadth include limiting the extent to which the

�doctrine of equivalents�is invoked and limiting the product/technology scope of patent claims.3

As a baseline, we �rst construct in Section 2 a general equilibrium model of growth driven by cumu-

lative innovation, without yet introducing a binding patent breadth. We draw on the industry structure

and Poisson arrival process for ideas from Kortum (1997) and Eaton and Kortum (2001), but adapt their

setup to a speci�cation where: (i) new ideas strictly improve upon existing frontier technologies, as in

the models of Grossman and Helpman (1991) and Aghion and Howitt (1992); and (ii) the size of the

productivity improvement that each new idea makes is an independent draw from an underlying Pareto

distribution. We focus on a steady state in which a constant share of labor is engaged in innovation,

with the remaining workers allocated to production activity. It turns out that this steady state sustains

a positive rate of innovation and hence growth, even with a constant workforce size. Of note, this de-

centralized equilibrium features a strictly smaller allocation of labor to R&D than that which a social

planner would optimally choose. We moreover argue that under the Pareto speci�cation, this wedge

arises solely from the fact that individual researchers do not internalize the positive knowledge spillovers

of their R&D e¤ort on future innovators when ideas build cumulatively on each other.

The above result �that the decentralized equilibrium features under-investment in R&D �suggests

that there is room for policies to improve upon welfare outcomes. Given the innovation process in our

model, a natural policy to consider is a requirement on how much of an improvement a new idea needs

to make in order to be considered patentable and non-infringing. Speci�cally, if z is the productivity

associated with the current best patent for a given product, a new idea would need to deliver a pro-

ductivity of at least Bz for it to be patentable, where B � 1 is a policy parameter set by the patent

authority. For simplicity, we will further assume that all ideas that are patentable will also be deemed to

be non-infringing on the scope of all other existing patents (and vice versa), so that goods made using the

new idea can be marketed without fear of legal action from incumbent patent-holders.4 We will therefore

2See in particular The Economist (2012) and The New York Times (2012).
3The doctrine of equivalents is a legal rule that holds a party liable for patent infringement even though the infringing

device or process does not fall within the literal scope of a patent claim, but nevertheless is deemed equivalent to the claimed
invention. The US is often considered one of the most liberal invokers of the doctrine of equivalents. See Ralston (2007).

4 In the patenting literature, this is otherwise known as the �leading breadth�, namely the extent to which a new innovation
needs to improve upon an existing patent to be considered non-infringing on the latter�s patent rights. If the new invention
is deemed to be infringing, the innovator would need to pay a royalty to the incumbent patent-holder in order to legally
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refer more precisely to this instrument, B, as a �non-infringing inventive step�(NIS) requirement; within

the context of our model, this will also serve to capture the patent breadth.5

We build this patent instrument into our growth model in Section 3 and unpack its various e¤ects.

First, a higher B raises the pro�ts of patent-holders as it allows them to exercise their monopoly power

for a longer expected duration, by protecting them against future innovations that are too incremental

(�pro�t�e¤ect). At the same time, a more stringent NIS requirement raises the bar that ideas have to

clear to qualify for a new patent (�hurdle� e¤ect), this being the key additional complication relative

to analyses of patent length policy. These two e¤ects clearly exert forces in opposite directions on the

incentives to undertake research. We �nd that as long as the capacity of the economy to generate ideas

is su¢ ciently large, the pro�t e¤ect will dominate when B is small, so that research incentives improve

when the NIS requirement is initially raised above 1. However, the hurdle e¤ect necessarily dominates

when B is large, as an excessively high bar would clearly discourage research. The relationship between

equilibrium R&D e¤ort and the patent breadth parameter thus takes on an inverted U-shape, and there

is a unique value of B (denoted by Bv) that maximizes the innovation rate.

We then turn to the implications of this NIS requirement for welfare. The marginal social cost of

setting a higher B is that it hurts consumers by conferring more monopoly power to patent-holders, this

being the familiar static loss arising from patent protection. Nevertheless, a higher NIS requirement raises

innovation when B is su¢ ciently small, which translates into faster reductions in prices for consumers

(the dynamic gain). Our key result establishes that there is indeed a unique welfare-maximizing patent

breadth (denoted by Bw), which is in general binding (i.e., strictly bigger than 1). This optimal tradeo¤

between dynamic gains and static losses occurs at a value of B where research e¤ort is still increasing in

B, implying that the NIS requirement that maximizes the innovation rate is necessarily larger than that

which maximizes welfare (Bw < Bv).

We extend our model in Section 4 to incorporate patent length policy, given its common use in practice.

Interestingly, when both patent length and NIS instruments are available to the patent authority, we �nd

that the welfare-maximizing policy entails setting an in�nite patent length in tandem with a �nite patent

breadth of B = Bw, this being the same Bw derived earlier in Section 3. This in�nite patent length result

arises because there are no diminishing returns to innovation e¤ort in our model �the Poisson arrival

rate of ideas is proportional to the aggregate number of research workers at each date �which provides

strong incentives to raise the patent length to promote innovation. These dynamic gains from extending

the patent length are always larger than the static consumer surplus losses, so long as the parameters

market the new product. The �patentability requirement�(to qualify for a new patent) and the �leading breadth�(to avoid
infringement) are thus closely related but distinct concepts, although we will not emphasize this distinction for the purposes
of our analysis. See O�Donoghue (1998) and Scotchmer (2004), Chapter 3, for a review of these issues.

5For our purposes, we will thus use the terms �NIS requirement�, �inventive step requirement�, �patentability require-
ment�, and �patent breadth� interchangeably.
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that govern the innovative capacity of the economy are large enough to begin with to ensure a positive

level of R&D activity in the steady state. In contrast, the e¤ect of the NIS requirement on the rate of

innovation is dampened by the hurdle e¤ect, which gets stronger as B increases, hence ensuring that Bw

is �nite. We provide further discussion in this section of how the optimal NIS requirement would respond

to the patent length, if the latter were nevertheless set at a �nite value for exogenous reasons.

In terms of its structure, our framework falls within the class of endogenous growth models in which

innovation occurs along quality (or productivity) ladders (Grossman and Helpman 1991; Aghion and

Howitt 1992). Firms compete by investing in R&D and successful innovation allows them to climb onto

the next rung of the ladder, a process resembling the patent race in Reinganum (1985). We however

augment our model with features drawn from Kortum (1997) and Eaton and Kortum (2001), so that

the size of each innovation step is stochastic rather than deterministic. Relative to Kortum (1997),

our approach speci�es productivity improvements, rather than productivity levels, to be the stochastic

outcomes of R&D e¤ort, so that each new idea builds on its predecessor in a strictly cumulative fashion

and steady-state growth emerges endogenously.6 Our motivation for modeling this cumulative innovation

process stems from our inherent interest in exploring the scope for patent policy intervention in the

presence of knowledge spillovers, which are absent in the baseline model of Kortum (1997).

We should stress that the model we develop is very tractable for analyzing the research questions

at hand. When each productivity improvement is independently drawn from an underlying Pareto

distribution, the log productivity level of the best idea inherits a Gamma distribution, an observation that

facilitates explicit expressions for welfare and the growth rate. Conveniently, all steady-state outcomes

in our model end up depending only on three deep parameters, namely the rate of time preference,

the Pareto dispersion parameter, and what we shall term the innovative capacity of the economy. This

parsimony and tractability allows us to perform a clear decomposition of the e¤ects of patent policy

on the innovation rate and welfare in a general equilibrium setting. While several other papers have

also worked with this speci�cation of Pareto productivity improvements in an endogenous growth setting

(Koléda 2004; Minniti et al. 2011), our approach di¤ers in the extent of the closed-form analytics that

we are able to pursue.

Our paper is naturally related to existing work that has studied various closely-related policy instru-

ments. In particular, O�Donoghue (1998) concludes that a �patentability requirement�can raise social

welfare, while Hunt (2004) �nds an inverted-U shape relationship between the rate of innovation and

the strength of this requirement.7 While these echo several of our �ndings, most results in this prior

6This di¤ers from the approach in several recent contributions where steady state growth arises instead through the
learning or di¤usion of ideas from high to low productivity �rms; see for example, Luttmer (2007), Alvarez et al. (2008),
Lucas and Moll (2014), and Perla and Tonetti (2014).

7Green and Scotchmer (1995) tackle a similar problem, but focus on the leading breadth (the minimum required inventive
step to avoid infringement of existing patents), as opposed to the patentability requirement, as their policy instrument of
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work are derived from partial equilibrium settings. An exception to this is O�Donoghue and Zweimüller

(2004), who embed such patentability considerations into a quality-ladder endogenous growth model,

though their analysis focuses more on the e¤ects of such policies on innovation and less on welfare.8 The

question of the optimal combination of patent length and patent breadth has also been explored (see for

example, Gilbert and Shapiro 1990, Klemperer 1990, Gallini 1992, Denicolò 1996), but as we shall make

clear in Section 4, the various concepts of the patent breadth adopted in this literature di¤er from the

NIS instrument that we consider.

The protection of ideas can go beyond patent protection. Not all industries use patent protection

as the primary tool to protect the idea of the incumbent. For example, some industries may have

very long imitation lags or it is very hard to reverse-engineer a technology. In those industries, the

more innovation-relevant policy may be antitrust laws. On that note, our results share some features

with Segal and Whinston (2007), if we interpret the NIS more broadly as (the inverse of) the level of

protection that new entrants receive against an incumbent�s anti-competitive behavior. In particular,

Segal and Whinston (2007) �nd that the level of antitrust protection can have both positive and negative

e¤ects on the rate of innovation, when the latter is ongoing and cumulative.

From an empirical perspective, it has been observed that increased patent protection does not nec-

essarily translate into a faster rate of innovation; see for example Sakakibara and Branstetter (2001) on

Japan, Bessen and Maskin (2009) on the US software industry, and the extensive review in Boldrin and

Levine (2008, Chapter 8). These patterns can be rationalized if the NIS requirement has been set too

high, namely at a level of B above Bv. In this range, the hurdle e¤ect dominates and lowers the ex-ante

chance of an idea being patentable and non-infringing, leading to less innovation when B is raised.9 The

idea that patents can impede the accumulation of knowledge also �nds strong causal support in Galasso

and Schankerman (2014), a �nding we view as consistent once again with the presence of a hurdle e¤ect.

The rest of the paper proceeds as follows. Section 2 develops our baseline model of cumulative

innovation and analyzes the welfare properties of the decentralized equilibrium. We incorporate a binding

NIS requirement in Section 3 and derive our key results on the scope for this patent instrument to raise

innovation and welfare. We extend the model to incorporate patent length policy in Section 4. Section

5 concludes. Detailed proofs are presented in the Appendix.

interest. O�Donoghue et al. (1998) consider both leading and lagging breadth policies, where the latter serves to protect
patent-holders against imitators.

8On a related note, Li (2001) analyzes the e¤ect of lagging patent breadth (protection against imitators) in a quality-
ladder growth setting. Kwan and Lai (2003) incorporate patent length considerations into an endogenous growth model in
the vein of Romer (1990).

9Bessen and Maskin (2009) provide an alternative explanation, namely that the rate of innovation can decline in the
strength of patent protection when innovations are sequential and di¤erent lines of research e¤ort complement each other.
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2 Baseline Model with No Patent Breadth Policy

We �rst build and solve our baseline model of cumulative innovation and growth, in order to familiarize

readers with the key features of the setup. Accordingly, in this section, innovators will not face a binding

patent breadth for their ideas to be both patentable and non-infringing (i.e., marketable). For now, we

shall also assume that patents do not expire, namely that the patent length is in�nite, so that incumbent

patent-holders lose their monopoly power only when superseded by a new innovation. This will place the

focus on the innovation process in our model, which we proceed to describe next. We will then close the

model in general equilibrium and discuss its properties.

2.1 Model setup: The innovation process

Consider an economy composed of one industry, in which a continuum of di¤erentiated varieties indexed

by j 2 [0; 1] is produced.10 The economy is endowed with L units of labor, which is the only factor of

production. All of this labor is inelastically supplied at the wage, w� , where � indexes time. Firms in the

economy are small, in the sense that each �rm produces only one variety, while taking the prevailing wage

as given. (In the aggregate, however, w� will be an outcome of the general equilibrium of the model.)

Each unit of labor (or simply �worker�) can engage in one of two activities, namely either in the

production of di¤erentiated varieties or in R&D activity. With regard to the former, production takes

place under a constant returns-to-scale technology. Let Z� (j) denote the labor productivity associated

with the best available idea for producing variety j at time � ; 1=Z� (j) units of labor are thus required

to produce each unit of this variety. Then, the unit cost faced by the �rm that produces this variety is

simply: w�=Z� (j).

On the other hand, the objective of R&D activity is to generate ideas to improve upon existing

technologies. Each idea spells out a technology (equivalently, a labor productivity level) for a speci�c

di¤erentiated variety. We model the generation of these ideas as a Poisson process with a constant arrival

rate of � for each R&D worker.11 Following Kortum (1997) and Klette and Kortum (2004), conditional

on receiving a new idea, the identity of the variety to which the idea applies is determined by a random

draw from a uniform distribution on the unit interval.12

We specify a setting in which the innovation process is strictly cumulative. In particular, knowledge

about production technologies di¤uses immediately as soon as the good in question is marketed, so that

the underlying knowhow becomes available to all agents in the economy. For example, this could be

10 It is straightforward to extend the model to include a non-innovating outside sector, whose output can then play the
role of the numeraire.
11 In other words, the probability that an individual worker will receive a new idea during a small time interval �� is given

by ��� . Moreover, each R&D worker can receive only one idea at any instant in time.
12As in these preceding papers, this rules out the possibility that innovation e¤ort can be directed toward the production

of speci�c varieties.
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because it is easy to reverse-engineer the technology after observing a physical sample of the good. As

the current best technology for producing each marketed good is widely-known, subsequent innovation

e¤ort strictly builds upon this knowledge to generate productivity improvements. In equilibrium, the

best patented technology for each di¤erentiated variety will indeed be used in production, with the good

being marketed, and hence each subsequent arriving idea will always improve upon the frontier patented

technology for the variety to which it applies.13

In the absence of IPR protection, the di¤use nature of knowledge would provide little incentive for

private agents to undertake R&D. We therefore require that an IPR regime be in place that allows any

new idea to be patented at negligible cost. By patenting, the �rm in possession of the new idea gains

exclusive rights to produce and market the variety (say, variety j) with the new technology, and will

indeed have the entire market for j to itself as it is now the most productive manufacturer of j. This

monopoly power only expires when the next idea that improves upon the technology for j arrives.14 Ideas

that are not patented but which are marketed can immediately be legally imitated by other �rms, which

would compete away the pro�ts accruing to the innovator. It follows that �rms will immediately patent

any new ideas that they receive, so that no goods will be marketed without �rst being patented.

Having spelt out the arrival process for ideas, we now describe what governs the productivity levels

associated with these ideas. To initialize the innovation process, we assume that at the start of time

(� = 0), there is a baseline technology for each variety that is freely available to all �rms. We normalize

the productivity of this baseline technology to be 1 for all varieties, namely: Z0(j) = 1 for all j 2 [0; 1].

Now, de�ne Z(k)(j) to be the productivity associated with the k-th idea to arrive (after time 0) for

variety j, where k is a non-negative integer. Thus, fZ(0)(j); Z(1)(j); Z(2)(j); : : :g form a sequence of the

successive best technologies for producing this variety. To describe how this frontier technology evolves,

de�ne �(k+1)(j) � Z(k+1)(j)=Z(k)(j) to be the productivity improvement associated with the next idea

to arrive. We specify �(k+1)(j) to be a random variable that is an independent draw from the following

standardized Pareto distribution with shape parameter � > 1:

Pr
�
�(k+1)(j) < z

�
= 1� z��, where z 2 [1;1), for all k � 0. (1)

Note that a lower � implies a more fat-tailed distribution which places greater weight on drawing relatively

large productivity improvements. For simplicity, the distribution in (1) does not depend on j, so that the

underlying innovation process is symmetric across varieties. Moving forward, we will thus write Z(k)(j)

simply as Z(k), since the distribution of the productivity level of the k-th idea to arrive will be identical

13Alternatively, the innovation process can be set up as one entailing improvements along a quality dimension, where each
arriving idea yields a higher utility to consumers with no change in the good�s production cost (and hence market price).
14Given the continuous measure of varieties, there is a zero probability that the same agent will consecutively receive two

ideas for producing the same variety.
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for all varieties.15

The expression in (1) embodies the notion of cumulative innovation, since the lower bound of the

support of the distribution of productivity improvements is 1. In e¤ect, after the k-th idea has arrived,

the productivity Z(k) associated with that idea becomes the new knowledge frontier which the (k+1)-th

idea will improve upon. Note also that we have assumed that the distribution in (1) does not depend

on how many ideas have already arrived (k) or on the productivity level of the last drawn idea (Z(k)).

In sum, this means that conditional on the realized value of Z(k), the next arriving idea Z(k+1) can be

viewed as a draw from a Pareto distribution with the same shape parameter but with a lower bound of

Z(k).16

At this juncture, it is useful to discuss the relationship between the innovation process that we have

just described and that advanced in Kortum (1997) and Eaton and Kortum (2001). In the notation

that we have adopted, the analogue of their speci�cation for the (stationary) distribution that governs

innovation is:

Pr(Z(k+1) < z) = 1� z��, where z 2 [1;1), for all k � 0. (2)

Thus, in this earlier work, ideas that arrive may or may not surpass the current state-of-the-art technology,

Z(k); those ideas that fall short of the frontier are not competitive enough to survive in the market. As

more ideas accumulate over time in their economy, it becomes less likely that a new idea will surpass

the current frontier. In contrast, our interest lies in understanding an innovation process in which each

new idea strictly improves upon Z(k). The two approaches therefore represent two opposite ends of the

spectrum: While Kortum (1997) and Eaton and Kortum (2001) adopt a non-cumulative formulation, we

instead explore a situation where innovation is fully cumulative, this being motivated by our interest in

analyzing the externalities that arise from R&D activity in this latter setting.

2.2 General equilibrium

We now embed the above cumulative innovation process in a general equilibrium setting.

Utility: The utility function of the representative consumer as of date 0 is given by:

U0 =

Z 1

0
e��� lnu� d� . (3)

Here, � is the rate of time preference (a parameter), while u� aggregates the instantaneous utility from

15This Pareto speci�cation for each productivity improvement is also adopted by Koléda (2004), Minniti et al. (2011),
and Desmet and Rossi-Hansberg (2012). In particular, Minniti et al. (2011) provide descriptive evidence of: (i) substantial
cross-�rm heterogeneity in the usefulness of innovations (as captured by patent citations), and (ii) the Pareto providing a
reasonable �t to the distribution of the value of patents especially in its right-tail.
16Recall that if a Pareto distribution is truncated from the left, the resulting distribution remains Pareto with the same

shape parameter, but with the left truncation value serving as the new lower bound of its support.
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the consumption of di¤erentiated varieties at time � . Speci�cally, u� is given by:

u� = exp

�Z 1

0
lnx� (j) dj

�
, (4)

where x� (j) denotes the quantity of variety j consumed at time � .

The representative consumer chooses fx� (j)g1�=0 in order to maximize (3), subject to the intertem-

poral budget constraint: Z 1

0
e�r�X� d� � b(0), (5)

where X� =
R 1
0 p� (j)x� (j) dj denotes the �ow of consumption spending at time � , with p� (j) being the

corresponding price of variety j at that time (which the consumer takes as given). r is the prevailing

interest rate, which will be pinned down by the rate of return earned on owning a patent, this being the

only asset in our economy. Finally, b(0) denotes the present value of the future stream of wage income

that will be earned by each consumer plus the value of her initial asset holdings at date 0.

It is well-known (see for example, Grossman and Helpman, 1991) that the solution to this dynamic

optimization problem yields:

r = �+
_X

X
, (6)

where _X is the time derivative of X. (We will omit the time subscript for equations that hold for all

� � 0.) Thus, the rate of growth of consumption spending should equal the di¤erence between the

market interest rate and one�s private rate of time preference. It will now be convenient to set aggregate

consumption expenditure E� � LX� as the numeraire for each � . Since E� = 1 and L is constant over

time, it follows from (6) that r = �. Moreover, the expenditure on each variety will be constant and equal

to 1 at each date, since we have a unit measure of varieties. As the expenditure on each j is invariant to

its price, the price elasticity of demand for each variety is �1.

Market structure and pro�ts: Firms compete by setting prices. If no ideas have yet arrived for

variety j by time � , then that variety is priced at marginal cost (w� ), since the baseline technology is

freely accessible to all potential producers.

On the other hand, if at least one idea has arrived for variety j, then �rms compete under Bertrand

competition. The �rm possessing the most productive idea will set a limit price that is just enough to

keep the second most productive �rm (and by implication, all other �rms) out of the market. Therefore,

the equilibrium price for variety j at time � when precisely k ideas have arrived is equal to: p� (j) =

w�=Z
k�1 (j). The price markup that the most productive �rm sets is simply: Zk(j)=Zk�1(j), so that

it inherits the Pareto distribution from (1). To be more explicit, denoting �(m) as the cdf of the price

markup m, we have: �(m) = 1�m�� for m � 1. The expected �ow pro�ts earned by a �rm which holds

the patent for the best technology for a given variety can now be computed as:

�� =

Z 1

m=1

�
m� 1
m

�
E� d�(m) =

1

1 + �
. (7)
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Figure 1: Circular Flow in the Economy

The above makes use of the fact that E� is also the expenditure per variety, since we have a unit measure

of di¤erentiated varieties.17

Savings and investment: Let v 2 [0; 1] denote the share of the labor endowment L that is hired by

�rms to engage in R&D activity. (The remaining fraction, 1 � v, works in the production of varieties.)

We assume that �rms need to obtain �nancing in order to hire R&D workers. This spending on R&D

is the only form of investment in our model, in the sense that the innovation is undertaken to generate

ideas that yield a future stream of pro�ts. In exchange for the �nancing they obtain, �rms issue claims

on the �ow of pro�ts from their patents. These claims (which we can think of as equity) are the only

assets in the economy, and the total value of these assets at time � is denoted by A� . (Note that A�

is also equal to the value of each patent, given that we have a unit measure of varieties and only one

active patent for each variety.) The above investment in R&D activity is �nanced through the savings

of workers. This could take place with savers directly owning the equity of �rms, or with the �nancing

channeled through an intermediary such as a bank. Figure 1 summarizes this circular �ow of funds in

the economy between workers, �rms and the �nancial intermediary sector (or capital market).

Bear in mind that workers have two sources of income, namely their labor income and the return

on assets. The aggregate savings in the economy are thus equal to total income net of consumption

spending, wL+ rA�E. Equating this with aggregate net investment ( _A) at each point in time, we have:

wL+ rA� 1 = _A. (8)

Research incentives: Since vL workers are employed in R&D, the Poisson arrival rate for new

ideas in the economy as a whole is equal to �vL. The rate of return r for owning an asset (namely, a

17To be clear, � is equal to pro�ts for a variety conditional on at least one idea having arrived for the variety in question.
In particular, � is not equal to aggregate pro�ts in the economy.
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patent) must equal the �ow pro�t rate minus the probability of su¤ering a complete capital loss due to

the arrival of a new idea that supersedes the existing patent. This implies:

r =
�

A
� �vL. (9)

As r = �, one can rewrite (9) as A = �= (�+ �vL), which is an expression for the expected present

discounted value of each patent. Intuitively, this is equal to the present value of �ow pro�ts, discounted

by the rate of time preference plus the hazard rate of losing the market to a subsequent innovator.

Labor market equilibrium: We consider an equilibrium in which a positive amount of production

(and hence consumption) takes place in each time period. This implies that the wage of a production

worker needs to weakly exceed the value of the marginal product of being an R&D worker. The latter is

given by the �ow rate of ideas that each R&D worker can generate multiplied by the value of each idea,

namely �A. We thus have:

�A � w. (10)

Equation (10) will hold with equality when some innovation activity takes place, namely when v lies in

the interior of [0; 1]. Workers would then be indi¤erent between being employed in R&D and production.

Steady state: The �ve equations (6), (7), (8), (9) and (10) de�ne a system in the �ve unknowns �,

A, w, r, and v, which pins down the steady state of our model.

In what follows, we focus on a steady state in which some innovation occurs, and in which the share

of the labor force employed in R&D is constant over time. In particular, this means that (10) will hold

as an equality. A quick inspection of our system of equations then implies that the value of a patent (A),

the return on assets (r), and the return to labor (w) will all be constant in this steady state. Moreover,

a familiar set of arguments can be applied to show that this steady state is one to which the economy

immediately jumps. To see this, (8) and (10) together imply that: _A=A = �L+�� (1=A). If �L+� were

to exceed 1=A at any time along the transition path, _A=A would be positive, and the subsequent increase

in A would further widen the gap between �L+ � and 1=A on the right-hand side. Also, the larger is A,

the faster is the rate of increase in A, so that the value of a patent would continue to increase to in�nity.

However, (9) places an upper bound of �=� on the value of a patent, so that the expectation that A will

increase inde�nitely cannot be met. A similar argument can be used to rule out the reverse case where

�L+ � falls short of 1=A on the transition path. Thus, expectations about the value of a patent can only

be ful�lled if the economy jumps immediately to a situation where _A=A = 0.

It is now straightforward to solve the system of �ve equations after setting _X = _A = 0. This yields

in particular the following expression for the market allocation of labor to R&D activities, veqm:

veqm =
�L� ��
�L (1 + �)

(11)
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Note from the above that veqm is clearly less than 1. To further ensure that veqm > 0, we need to impose

the following:

Assumption 1: �L > ��.

Intuitively, for there to be a positive amount of R&D in the steady state, we require that: (i) the

innovative capacity of the economy (captured by �L) be su¢ ciently high; (ii) the dispersion of the ideas

distribution be large (� small); and/or (iii) consumers be su¢ ciently patient (� low).

Using (11), one can verify directly that the research intensity of the economy varies naturally with

the underlying parameters of the model. Firms hire a greater share of the workforce in R&D when the

arrival rate of ideas is higher (dveqm=d� > 0), or when those ideas are drawn from a Pareto distribution

with a fatter right-tail (dveqm=d� < 0). If agents are more patient when valuing future relative to current

consumption, this also raises R&D e¤ort in the steady state (dveqm=d� < 0).18

Our model exhibits a scale e¤ect in that rate of innovation is increasing in L. However, we can prove

that our results are robust to the removal of the scale e¤ect. We show this in an online appendix.19

2.3 Welfare

We turn next to the task of evaluating country welfare, in order to facilitate our later analysis of the

e¢ cacy of patent policy. The utility speci�cation in (3) and (4) implies that welfare depends on the real

wage in each period, as: u� = w�= exp
nR 1

0 ln p� (j)dj
o
. (Recall in particular that the economy jumps

immediately to its steady state.) Since all varieties are ex ante symmetric and we have a unit measure

of these varieties, the law of large numbers implies that the ideal price index in the denominator is equal

to: exp fE[lnP� ]g, where P� is a random variable whose realization is the price of a variety at time � ;

the expectation operator is taken over this price distribution.

We therefore need to understand how prices evolve over time. Due to the Poisson nature of the

innovation process, the probability that exactly k ideas have arrived by time � when vL units of labor

are engaged in R&D at each date is: (�vL�)
k

k! e��vL� , where k is a non-negative integer. When k = 0, the

variety in question will be priced at w� (its marginal cost). On the other hand, when k � 1, under the

limit-pricing rule, the price of a variety will instead be a random variable that inherits the distribution

of w�=Z(k�1). The expected log price of a variety at time � is thus:

E [lnP� ] =
(�vL�)0

0!
e��vL� lnw� +

1X
k=1

(�vL�)k

k!
e��vL�

�
lnw� � E[lnZ(k�1)]

�
. (12)

18Although our model exhibits a scale e¤ect in that the rate of innovation is increasing in L, we want to stress that all
economic outcomes of interest in our model, such as v, growth rates and welfare, only depend on the product �L, and not
on the speci�c values of � and L separately. What is more important is therefore not the size of the economy as measured
by L, but its innovative capacity as captured by �L.
19The URL of the online appendix is http://ihome.ust.hk/~elai/pdf/Chor-Lai_no_scale_e¤ect.pdf
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Note that the �rst term and each term in the summation in (12) is equal to the probability that k ideas

have arrived between times 0 and � , multiplied by the log price at time � when there have indeed been

exactly k ideas (where k = 0; 1; 2; :::;1).

We show in the Appendix how to evaluate (12) explicitly. The key to this is to recognize that in the

underlying innovation process, the random variable Z(k�1) = Z(k�1)=Z(0) is the product of k�1 indepen-

dent realizations from the standardized Pareto distribution given earlier in (1). (Recall that Z(0) = 1.)

Building o¤ this observation, one can show that lnZ(k�1) is a random variable from a Gamma distribu-

tion with mean E[lnZ(k�1)] = (k�1)=� (see the Appendix).20 The expected log productivity of the k-th

idea to arrive thus increases linearly in k, while increasing also in the thickness of the right-tail of the

Pareto distribution from which the productivity improvements are drawn. Substituting this expression

for E[lnZ(k�1)] into (12) and simplifying, one then obtains: E [lnP� ] = lnw� + 1
�

�
1� �vL� � e��vL�

�
.21

It follows that per-period utility (the real wage) is given by: u� = exp
�
�1
�

�
1� �vL� � e��vL�

�	
.22

De�ning the growth rate of the real wage to be g� � d ln (u� ) =d� , we have:

g� =
�vL

�

�
1� e��vL�

�
, (13)

which is clearly positive when v > 0. Although the economy jumps immediately to a steady state in

which A, �, and w (the nominal wage) are constant, the real wage nevertheless rises over time as varieties

are on average becoming cheaper when there is a positive amount of R&D. In other words, Assumption 1

which guarantees that veqm > 0 also ensures that g� > 0 for all � � 0. Substituting in the expression for

veqm from (11), one can further verify that: dg�=d� > 0 and dg�=d� < 0. Thus, a higher arrival rate of

ideas (higher �) and a larger average productivity improvement (smaller �) both raise the growth rate of

the real wage at each date � . From (13), one can moreover see that the growth rate of the real wage rises

over time (dg�=d� > 0): From an initial value of g� = 0, this asymptotes toward a maximum growth rate

of �vL=�. This property derives from the fact that as time progresses, the baseline technology is shed

from use for a greater and greater share of varieties. As the �rst idea arrives for successive varieties, the

innovation process gets jump-started for a greater measure of varieties in the unit interval, hence causing

the overall growth rate to rise over time. However, this e¤ect peters out, as the �rst idea eventually

arrives in expectation for all varieties.

It is instructive here to compare the above against the properties of the models in Kortum (1997)

and Eaton and Kortum (2001), which also focus on a steady state in which the share of the workforce

20To be absolutely precise, this statement about the distribution of lnZ(k�1) holds only for k � 2. Nevertheless, when
k = 1, we have that E[lnZ(0)] = 0, so that the formula E[lnZ(k�1)] = (k � 1)=� is also valid for k = 1.
21Much work has been done documenting the �t of the Pareto distribution for �rm size distributions (e.g., Axtell 2001;

Luttmer 2007; Arkolakis 2011). Interestingly, the Gamma distribution also features a thick right-tail, although it matches
the empirical distribution of US �rms less well for the largest �rm sizes (Luttmer 2007).
22The nominal wage can also be solved for explicitly from the system of �ve equations that pin down the steady state.

This is given by: w� = �=(�+ �L).
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employed in R&D is constant. In these preceding papers, innovation is not cumulative in nature, and

perpetual growth in real wages is sustained instead by a growing R&D workforce (vL), which grows

at the same exogenous rate as the labor force (L). Thus, more ideas are drawn in each period by the

ever-growing number of R&D workers, overcoming the fact that it gets harder and harder for each idea

drawn from the stationary distribution in (2) to surpass the technological frontier. In contrast, the model

which we have just presented generates steady-state growth in real wages through the cumulative nature

of innovation �new ideas always strictly improve on the technological frontier �without requiring that

the labor force grow over time.

Finally, the expected welfare of the representative consumer is obtained by substituting the expression

for u� into (3) and evaluating the associated integral. After some algebraic simpli�cation, this yields:

U0 =
(�vL)2

�2�(�+ �vL)
=

(�L� ��)2
�2�(1 + �)(�+ �L)

, (14)

where the last equality follows from replacing v by the expression for veqm from (11). One can show via

straightforward di¤erentiation that so long as Assumption 1 holds, (14) is increasing in � and decreasing

in �. Welfare therefore rises either as innovations arrive more frequently or as the average productivity

improvement increases.

2.4 Contrast with the social optimum

To understand the e¢ ciency properties of the steady state which we have just solved for, it is instructive

to compare the above market equilibrium with the outcomes under a benign social planner. Conceptually,

this social planner�s problem can be formulated as a labor allocation decision over the share of labor to

employ in R&D, as well as the value of Lp� (j) for each j 2 [0; 1], namely the amount of labor assigned to

the production of variety j at each point in time. Formally, the social planner sets out to solve:

max
v;fLp� (j)g1j=0

U0

s.t.
Z 1

0
Lp� (j) dj = L(1� v) for all � � 0, (15)

and Lx� (j) = L
p
� (j)Z� (j) for all j 2 [0; 1] and � � 0. (16)

The �rst constraint (15) is a labor market-clearing condition that states that all labor not engaged in

R&D must be employed in production. On the other hand, the second constraint (16) sets the quantity

demanded of variety j equal to the quantity produced at each period in time.

As we show in the Appendix, the solution to this social planner�s problem features an equal allocation

of labor to the production of each variety. In other words, given the choice of v, we have: Lp� (j) =

L(1�v). Using this property, the planner�s problem can then be simpli�ed to the following unconstrained
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maximization problem over v:

max
v

U0 =
ln(1� v)

�
+
�vL

�2�
.

The above maximand is a concave function in v and thus yields a unique optimal allocation of labor

between research and production activities. This social planner�s allocation, denoted by vSP , is given by:

vSP =
�L� ��
�L

. (17)

This lies strictly in the interior of [0; 1] if �L > ��, namely if Assumption 1 holds. Moreover, comparing

this with the allocation that would emerge in the market equilibrium from (11), one immediately has the

following result:

Proposition 1 The share of labor that a social planner would allocate to research is strictly larger than

that which is observed in the market equilibrium, namely vSP > veqm.

The decentralized equilibrium in our model therefore unambiguously yields less investment in R&D

e¤ort relative to the socially-optimal level. One can moreover see that the relative extent to which

veqm falls short of vSP , namely (vSP � veqm)=vSP is increasing in �. Intuitively, the less fat-tailed is

the Pareto distribution of productivity improvement draws, the less attractive are the potential private

returns (pro�ts) from R&D, and hence the greater the extent of under-investment in R&D in the market

equilibrium relative to the social optimum.

The literature on endogenous growth in the presence of knowledge spillovers has highlighted several

externalities that drive a wedge between the market and social-planner outcomes (e.g., Grossman and

Helpman, 1991; Aghion and Howitt, 1992), and these forces are present too in our model. First, there

is an �intertemporal spillover� e¤ect arising from the cumulative nature of innovation: Firms apply a

higher e¤ective discount rate when evaluating the value of a patent because they do not internalize the

positive knowledge spillovers from their innovation on future productivity improvements. Second, there

is an �appropriability� e¤ect, in that the private pro�ts which �rms earn are in general smaller than

the full gains to consumer surplus that each innovation generates. Third, a �business-stealing�e¤ect is

at play, since innovation e¤ort erodes the pro�ts of preceding innovators in a way that a social-planner

would want to fully internalize. The �rst two of these e¤ects tend to decrease R&D in the market

equilibrium relative to the planner�s problem, while the last e¤ect pushes �rms toward over-investing in

R&D. Proposition 1 implies that in our model, the former two e¤ects must dominate the latter �business-

stealing�mechanism.23

23Note that the presence of monopoly-pricing power per se does not distort labor allocations in our model. The reason is
that all �rms charge the same markup in expectation (drawn from the standardized Pareto distribution, �(m)), so that the
allocation of production labor across varieties cannot be improved upon ex ante. See the related discussion in Grossman
and Helpman (1991), p.70.
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We can in fact make a more precise statement concerning the relative importance of these three

externalities. By rearranging (11), observe that the market allocation of labor to research activity is

determined as the solution to: �(1�v)L
(�+�vL)� = 1. On the other hand, the �rst-order condition of the social

planner�s problem implies that vSP solves: �(1�v)L�� = 1. Thus, the only wedge between the two solutions

arises from the di¤erent discount rates that are respectively applied: In the market equilibrium, �rms use

a higher discount rate of �+ �vL, which takes into account the �ow probability of su¤ering a complete

pro�t loss to a new innovation, on top of the social discount rate. The only externality that is relevant in

our model is thus the intertemporal spillover e¤ect; evidently, the appropriability and business-stealing

e¤ects must o¤set each other exactly.

3 Patent Breadth Policy

The under-investment in R&D activity which our baseline model features gives rise to the possibility of

welfare-improving policy interventions. We turn next to analyze a policy instrument that can potentially

achieve this, namely a patent breadth as implemented through a non-infringing inventive step (NIS)

requirement. (We continue to maintain the assumption that patents do not expire, but will return to

incorporate a �nite patent length later in Section 4.)

3.1 Policy setup: The patenting environment

We retain the cumulative innovation process described in Section 2.1, where each successive productivity

improvement is an independent draw from the standardized Pareto distribution. Even though patenting

was necessary in the baseline model to confer a successful innovator with short-term monopoly power, the

patent authority there played a relatively passive role as all arriving ideas would automatically improve

upon the frontier technology and hence qualify for a patent.

Suppose now that the government announces at date � = 0 that there will be a �non-infringing

inventive step�requirement equal to B � 1 with immediate e¤ect: A new patent will be granted if and

only if the k-th idea to arrive for a given variety improves upon the productivity of the (k � 1)-th idea

by at least B. More formally, this k-th idea is not eligible for a patent if Z(k) 2 [Z(k�1); BZ(k�1)), an

event that occurs with probability 1 � B��, based on the Pareto distribution in (1). In this situation,

the �rm in possession of this new idea would have no incentive to produce the good even though it

embodies an incrementally better technology, given that it would have no legal right to market the good.

Consequently, non-patentable ideas, which also infringe, are not marketed; the underlying knowledge

does not spread to the rest of society and hence cannot be built upon by subsequent innovators. This

serves to capture the idea that the public disclosure of technical knowhow that each patent application

requires is a crucial platform for facilitating knowledge di¤usion.
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We make explicit two remarks on this treatment of non-patentable ideas. First, note that the owner

of a non-patentable idea would herself be unable to build cumulatively on it, since future research e¤ort

cannot be directed toward a particular variety in this setup. Second, we rule out the possibility of this

owner selling the non-patentable idea to the incumbent patent-holder of the variety. Any such attempted

sale would require the owner of the idea to �rst share information about it with the patent-holder (for

example, to show proof of concept). However, upon disclosure, the incumbent patent-holder would then

be able to appropriate the knowledge without compensating the owner of the idea, and further use it for

production with no fear of legal action since the idea could not be patented in the �rst place. The owner

of the idea would thus have no incentive to attempt such a transaction.

On the other hand, if the k-th idea to arrive were to satisfy Z(k) 2 [BZ(k�1);1), an event that occurs

with probability B��, the �rm in possession of this idea would indeed patent it in order to subsequently

enjoy the pro�ts from marketing the good. Since what is important now is whether an idea is patentable

or not, we let ~Z(k) denote the random variable associated with the productivity level of the k-th patentable

idea to arrive after time � = 0. Moreover, let ~�
(k)
= ~Z(k)= ~Z(k�1) denote the productivity improvement

that is associated with this k-th patentable idea. The distribution of ~�
(k)
is then governed by the following

conditional probability:

Pr
�
~�
(k)
< z
�
= Pr

�
�(k) < zj�(k) > B

�
=
Pr
�
B < �(k) < z

�
Pr(�(k) > B)

= 1�
� z
B

���
, z � B, (18)

where the above derivation makes use of the fact that �(k) is from the Pareto distribution given in (1).

The productivity improvement with each successive patentable innovation is thus also drawn from a

Pareto distribution with the same shape parameter �, but with the lower bound of its support truncated

at B � 1. Note too that the distribution of ~�(k) does not depend on k, the number of patentable ideas

that have already arrived.

3.2 Patent breadth and equilibrium research e¤ort

With the above formulation of the patenting process, we can readily embed our model in a general

equilibrium setting following the approach in Section 2.2. As explained above, we consider a situation

in which the patent breadth, B, is introduced at date 0 and held constant subsequently. We highlight

below how this policy intervention alters pro�ts and research incentives relative to the baseline model.

We describe �rst the prices that will be observed. For a given variety j, if no patentable ideas have

arrived by time � , �rms will produce this variety using the publicly-available baseline technology and

price the good at marginal cost, w� . On the other hand, if k � 1 patentable ideas have arrived for variety

j by time � , Bertrand competition then implies that the �rm with the best patentable idea will set a

limit-price equal to: w�= ~Z(k�1) (j). Once patentable ideas have started arriving, the �rm with the best
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patented idea will price at a markup given by: ~Z(k)(j)= ~Z(k�1)(j), which from (18) is a random variable

with cdf: ~�(m) = 1 � (m=B)��, where m 2 [B;1) is the markup. The �ow of pro�ts accruing to this

patent-holding �rm can now be evaluated as:

�� =

Z 1

m=B

�
m� 1
m

�
E� d~�(m) =

B(1 + �)� �
B(1 + �)

. (19)

The above pro�t expression coincides with equation (7) from the baseline model when B is equal to 1.

One can see that pro�ts will take up a larger share of consumer expenditures when B is higher because

patentable ideas embody a larger productivity improvement on average. As before, a smaller � is also

associated with higher pro�ts, as a more fat-tailed Pareto distribution means that �rms can expect to

charge a higher markup.

The patenting requirement that is now in place will a¤ect research incentives. As before, the value

of assets in the economy is equal to the aggregate value of patents. The rate of return r to owning a

unit of these assets must once again be equal to the pro�t rate net of the �ow probability of experiencing

a complete capital loss. On the latter, even though the Poisson arrival rate of ideas remains �vL, each

new idea will only be patentable with probability B��. In particular, a binding patent breadth (B > 1)

would strictly lower the likelihood that an incumbent patent-holder gets superseded by a newly-arrived

idea, which e¤ectively extends the duration of the incumbent�s monopoly power. At each point in time,

we thus have:

r =
�

A
� �vLB��. (20)

It follows from (20) that the expected present discounted value of each patent, A, is now equal to

�=
�
�+ �vLB��

�
.

Since the probability that a given idea will be non-infringing now depends on the NIS, the labor

market equilibrium condition must also be modi�ed accordingly. The value of the marginal product of

an R&D worker is now �B��A, as the �ow probability of receiving an idea that clears the NIS requirement

is �B��. A more stringent requirement (a higher B) will thus reduce the expected returns to working in

R&D. For some production to occur in each time period, we require that:

�B��A � w, (21)

namely that the wages from being a production worker weakly exceed the value of the marginal product

of an R&D worker. In the steady state which we will consider, in which a positive and constant share of

the workforce is allocated to research, the above must hold as an equality.

To close out the model, observe that the intertemporal welfare maximization and circular �ow condi-

tions from (6) and (8) remain unchanged. The equilibrium is therefore determined by these two equations

in combination with (19), (20) and (21). The �ve unknowns of this system are once again �, A, w, r,
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and v. As before, we focus our attention on a steady state in which v is (weakly) positive and constant.

A set of arguments analogous to that in the baseline model can be applied to show that A, w and r will

all be constant in this steady state. It will also be the case that the economy jumps instantaneously to

this steady state upon the introduction of the patent breadth, B.

Equilibrium research e¤ort: Setting _A = _X = 0 and solving out for this steady state, one obtains

(after some algebraic simpli�cation) the following expression for the R&D labor share:

v(B) = max

�
1� �

B(1 + �)
� ��B�

�LB(1 + �)
; 0

�
. (22)

We write v explicitly as a function of B to emphasize the scope that patent policy now has to a¤ect

equilibrium research e¤ort. Note from (22) that v(B) is strictly less than 1 for B � 1, so the steady

state will never feature complete specialization in R&D. It is possible however for the steady state to

feature no R&D, as v(B) = 0 when B !1 (since B��1 would tend to 1, as � > 1). To be precise, we

have v(B) > 0 if and only if �L > ��B�

B(1+�)�� . When B = 1, this condition reduces back to Assumption

1 (which we will continue to adopt), and v(B) coincides exactly with the expression for veqm from (11);

in particular, this means that v(1) > 0. Straightforward di¤erentiation further reveals that the function

B�

B(1+�)�� is decreasing when B 2 [1; �2=(�2 � 1)), and increasing when B 2 (�2=(�2 � 1);1), with the

value of B�

B(1+�)�� tending to in�nity as B gets arbitrarily large. This implies that there is a unique

value of B, which we denote as B0, below which �L > ��B�

B(1+�)�� , but above which the inequality will be

violated. Thus, v(B) > 0 if and only if B 2 [1; B0).

Holding B constant, various comparative static properties of v(B) carry over from the baseline model.

Speci�cally, research e¤ort will be (weakly) higher if agents are more patient (� low), the average produc-

tivity improvement is larger (� low), or the arrival rate of ideas is higher (� large). More interestingly,

we can characterize how patenting standards now a¤ect R&D outcomes. From (22), the share of labor

in research clearly varies non-monotonically with B, as an increase in the patent breadth can have con-

�icting e¤ects. On the one hand, a higher B lowers the hazard rate that an incumbent patent-holder

faces of losing its market to a new innovation, which ex ante would raise incentives for �rms to hire more

R&D workers (a �pro�t�e¤ect). However, a larger breadth also lowers one�s probability of successfully

obtaining a patentable idea in the �rst place, which is often termed the �hurdle�e¤ect in the patenting

literature.

To analyze the net e¤ect of these two forces, let us de�ne: ~v(B) = 1� �
B(1+�) �

��B�

�LB(1+�) . We have:

d~v

dB
=

�
�

1 + �

�
1

B2

�
1� �(� � 1)

�L
B�
�
. (23)

Denote the value of B for which d~v=dB = 0 by Bv, given explicitly by: Bv =
h

�L
�(��1)

i 1
�
. Since d~v=dB < 0

for all values of B lower than Bv, while d~v=dB > 0 for all B above Bv, Bv is the unique turning point of
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Figure 2: v(B) and U0(B) (illustrated when �L > ��)

~v(B). In addition, we have Bv > 1 so long as �L > �(��1), which is automatically satis�ed if Assumption

1 holds. Using these properties, we can now characterize the behavior of v(B) = maxf~v(B); 0g. As

illustrated in Figure 2, the equilibrium allocation of labor is positive at B = 1 and �rst rises as B is

raised above 1. It then reaches its maximum value when B = Bv, before declining toward 0 and meeting

the horizontal axis at B = B0; we then have v(B) = 0 for all B � B0.

De�ning the rate of innovation as the Poisson arrival rate of ideas, �vL, we now have:

Proposition 2 Suppose that �L > �� (Assumption 1 holds). Then: (i) dv
dB > 0 when B 2 [1; Bv), (ii)

dv
dB < 0 when B 2 (Bv; B0), and (iii) v(B) = 0 for all B 2 [B0;1), so that Bv is the unique value of

the NIS requirement that maximizes the equilibrium allocation of labor to R&D. In particular, raising B

slightly from B = 1 will induce a higher rate of innovation. However, raising B when the NIS parameter

is already above Bv will lower the rate of innovation.

Intuitively, when the patent breadth is smaller than Bv, the pro�t e¤ect dominates the hurdle e¤ect,

so that a more stringent patent standard raises the incentive to employ labor in R&D. However, when B

exceeds Bv, the reverse holds, so that the strength of the hurdle e¤ect now discourages research e¤ort.

In particular, this means that B cannot be set too high in practice, as research e¤ort will eventually

decline when the patent breadth is raised further. As highlighted in the Introduction, this provides

one rationalization for the observation in prior empirical work of a weak and even negative association

between the strength of patent protection and innovation outcomes, namely that the protection extended

may be so generous to incumbent patent-holders as to suppress the aggregate research e¤ort in the steady

state.

An implication that emerges from the above discussion is that when �(��1) < �L < ��, the economy
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would feature no R&D e¤ort when B = 1 (since v(1) < 0), but the incentive to undertake research would

nevertheless be increasing in the NIS parameter when B 2 [1; Bv), since dv=dB > 0 in this range. If in

addition v(Bv) were strictly positive, setting B = Bv would then tip the economy into a steady state

with positive R&D e¤ort. For an economy in these circumstances, the patent breadth policy could then

play a crucial role in inducing innovation and growth. The precise conditions under which this scenario

arise are spelled out in the following:

Proposition 3 Suppose that �(��1)
�

�2

�2�1

��
< �L < ��. There exists a range of binding patent breadth

policy parameters (with B > 1) that will shift the economy from a zero-growth to a positive-growth steady

state. In particular, setting B = Bv will achieve this shift.

The conditions under which Proposition 3 hold describe an economy whose aggregate innovative capacity

(as captured by �L) lies in an intermediate range. This is the case when innovative capacity �L is low

enough that no innovation arises when B = 1, but nevertheless high enough so that some government

intervention can help to create research incentives. (The proof of this proposition is in the Appendix;

we also show there that (� � 1)
�

�2

�2�1

��
< � is satis�ed for all � > 1, so that the conditions for the

proposition to hold can indeed be met.)

3.3 Patent breadth and welfare

We turn now to evaluate the consequences for welfare. As in our baseline model, this will require that

we evaluate the ideal price index that consumers face, in order to compute their real wage. Note that

the expected log price is now given by:

E [lnP� (j)] =

�
�vLB���

�0
0!

e��vLB
��� lnw� +

1X
k=1

�
�vLB���

�k
k!

e��vLB
���
�
lnw� � E[ln ~Z(k�1)]

�
. (24)

The �rst term above is the expected log price for a variety when there are no patentable ideas, while

the remaining terms in the summation are the corresponding expressions that apply when exactly k �

1 patentable ideas have arrived. There are two modi�cations in (24) relative to equation (12) from

Section 1.3. First, the Poisson arrival rate is now �vLB��, with the additional B�� term capturing the

productivity hurdle that new ideas must cross; this tends to lower the arrival probability of patentable

ideas. Second, when k � 1, �rms now set their limit price at the marginal cost implied by the previous

patentable idea, namely w�= ~Z(k�1). Recall in particular that the productivity improvement between

consecutive patentable ideas ( ~Z(k)= ~Z(k�1)) is drawn from the Pareto distribution in (18) with the lower

bound of its support equal to B.

Our analysis is once again tractable because the above price index can be worked out explicitly. We

show in the Appendix that ln ~Z(k�1) takes on the same Gamma distribution from the baseline model,
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but with a linear shift. Speci�cally, we �nd that: E[ln( ~Zk�1)] = (k � 1)
�
1
� + lnB

�
for all k � 1, with

the additional (k � 1) lnB term re�ecting the e¤ect that the patent breadth policy has in raising the

expected productivity level of the (k � 1)-th innovation. Substituting this property into (24), one can

then show that: E [lnP� (j)] = lnw� +
�
1
� + lnB

� �
1� �vLB��� � e��vLB���

�
.

It follows that the real wage at time � , which is also equal to the period �ow utility u� , is given by:

w�=E [lnP� (j)] = exp
n
�
�
1
� + lnB

� �
1� �vLB��� � e��vLB���

�o
. At time � , the real wage therefore

grows at the following positive rate:

g� �
d lnu�
d�

=

�
1

�
+ lnB

�
�vLB��

�
1� e��vLB���

�
. (25)

Given B, and hence v(B), the growth rate of the real wage rises and asymptotes over time to a maximum

of
�
1
� + lnB

�
�vLB��, for much the same reasons as were discussed in the baseline model.

The welfare of the representative consumer is then given by plugging in the above expression for u�

into (3) and evaluating the integral for the present discounted value of the �ow of real wages. This yields:

U0(B) =

�
1

�
+ lnB

� �
�vLB��

�2
�2 (�+ �vLB��)

. (26)

Further replacing v in the above by the expression for v(B) from (22), one then obtains a welfare formula

that depends only on the primitive parameters of the model (�, �, and �L) and the patent breadth, B.

We can now assess the tradeo¤s that arise from the use of this NIS requirement. Note from (26) that

U0(B) = 0 for all B � B0, as v(B) = 0 in this range of values of B. We thus restrict our attention

to study how welfare behaves when B 2 [1; B0), where both U0(B) and v(B) take on positive values.

Di¤erentiating the welfare expression in (26) with respect to B, one obtains:

dU0
dB

/
�
1

�
+ lnB

�
B
dv

dB
� �v lnB � �v

2�+ �vLB��
, (27)

where �/�indicates equality up to a positive multiplicative term. The �rst-order necessary condition for

a local welfare maximum thus entails setting the right-hand side of (27) equal to 0.

Is the welfare-maximizing patent breadth binding (i.e., strictly greater than 1)? And does the welfare

function in (26) indeed exhibit a unique maximum turning point? The former issue can be addressed

by examining the behavior of dU0=dB in the neighborhood of B = 1. One can verify through direct

substitution that dU0=dB > 0 at B = 1, as long as Assumption 1 holds, so that there is in fact a net gain

from increasing the patent breadth parameter slightly above 1. On the latter issue, even though U0(B)

is in general not concave for all B 2 [1; B0), we nevertheless can prove that the right-hand side of (27)

is strictly decreasing in B in the smaller interval B 2 [1; Bv). (See the Appendix for details.) Observe

too that for B > Bv, we have dv=dB � 0; from (27), this implies that dU0=dB < 0 for B > Bv. Taken

together, we �nd that dU0=dB is �rst positive at B = 1, is strictly negative at B = Bv, and exhibits at
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most one root in the interval [1; Bv). This allows us to conclude that there is a unique Bw that satis�es

dU0=dB = 0. Figure 2 illustrates these properties of the welfare function U0(B), in conjunction with the

behavior of v(B).

This leads us to our main result characterizing the optimal NIS requirement from a welfare perspective:

Proposition 4 Suppose that �L > �� (Assumption 1 holds). Then the welfare-maximizing patent breadth

is unique with 1 < Bw.

There is thus scope to improve welfare by setting a patent breadth strictly larger than 1, so long as �L

is su¢ ciently large. The role of Assumption 1 here is intuitive: The innovative capacity of the economy

needs to be high enough to ensure that the increased rate of innovation will more than exceed the social

cost of ceding more monopoly power to patent-holders.

It is helpful at this juncture to examine (27) closely in order to get more intuition on the economic

tradeo¤s involved in the setting of the NIS requirement. The net e¤ect of stronger patent protection is in

principle ambiguous, but the underlying e¤ects can be decomposed systematically. Note �rst that welfare

can be written more explicitly as: U0 = U0(B; v (B)), with its corresponding total derivative given by:
dU0
dB = @U0

@v
dv
dB +

@U0
@B . The �rst term on the right-hand side of (27), namely

�
1
� + lnB

�
B dv
dB , corresponds

precisely to the @U0
@v

dv
dB term in this total derivative. The key force captured here is commonly referred

to in the IPR literature as the �dynamic�e¤ect of patent protection in raising innovation rates (see for

example, Nordhaus 1969; Tirole 1988; Grossman and Lai 2004). In the context of our model, we have

already seen that when B is su¢ ciently small, speci�cally when B 2 [1; Bv), an increase in the patent

breadth raises the steady-state allocation of labor to research ( dvdB > 0), thus raising the equilibrium

rate of innovation. Ceteris paribus, this has a positive e¤ect on welfare as @U0@v > 0, a fact which can be

veri�ed by straightforward di¤erentiation of (26). Therefore, this dynamic e¤ect term, @U0@v
dv
dB , is indeed

positive when B 2 [1; Bv).

This potential bene�t from raising the NIS requirement needs to be weighed against a countervailing

force, namely the static loss su¤ered in each period by consumers arising from the longer duration of each

patent-holder�s monopoly power. This latter e¤ect is re�ected by the second and third terms in (27),

��v lnB� �v
2�+�vLB��

, which are clearly negative when v > 0. Note that these terms indeed map precisely

to the @U0@B term in the preceding total derivative. The welfare-maximizing patent breadth therefore needs

to trade o¤ the dynamic gains from a greater degree of patent protection against the static consumer

surplus losses that are incurred.24 When B < Bw, the dynamic e¤ect dominates the static e¤ect, and

so dU0=dB > 0 in this range of values of B; conversely, when B > Bw, the static e¤ect dominates and

24A similar tradeo¤ is encountered if one considers instead the problem of choosing B to maximize the steady-state growth
rate in (25). As discussed in section 3.2, the marginal bene�t to innovators from raising B (pro�t e¤ect) needs to be weighed
against the marginal cost (hurdle e¤ect).
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dU0=dB < 0.

Inspecting dU0
dB = @U0

@v
dv
dB +

@U0
@B further, we have: dU0=dB < 0 for all B 2 [Bv; B0). This holds because

dv=dB � 0 when B 2 [Bv; B0), and also because it is always true that @U0@B < 0 and @U0
@v > 0. Welfare is

therefore strictly decreasing in the interval [Bv; B0). Since the patent breadth parameter that maximizes

welfare is unique, Bw must lie in the interval B 2 [1; Bv) where dv=dB > 0, so that there is some bene�t

from introducing a patent breadth policy through the increased research e¤ort it induces. We sum up

this argument as:

Proposition 5 The value of the patent breadth B that maximizes welfare is strictly less than that which

maximizes the rate of innovation. In other words, Bw < Bv.

This result is actually very intuitive, as the value of B that maximizes the research intensity of the

economy requires consumers to give up too much current consumption to invest in R&D. When it is

welfare instead that is the policy-maker�s objective, an additional cost associated with raising B must

be taken into account, namely the loss to consumer surplus. This insight is in fact a relatively general

one: Horowitz and Lai (1996) also obtained an analogous result in a di¤erent setting where the policy

instrument instead takes the form of a speci�ed patent length, namely that the patent duration that

maximizes the rate of innovation is longer than that which maximizes welfare.

3.4 Properties of the optimal patent breadth

Having established the existence of a unique welfare-maximizing patent breadth, we turn next to explore

how Bw is in�uenced by the deep parameters of our model. As we do not have a closed-form expression

for Bw, we pursue a numerical approach to illustrate the behavior of this optimal patent breadth.

A convenient feature of our model is that the equilibrium is characterized by a parsimonious set of

three parameters. These are the discount rate (�), the shape parameter of the Pareto distribution (�),

and the innovative capacity of the economy (�L). In particular, all steady-state outcomes depend only

on the product �L, and not on the separate values taken on by � and L. We proceed by adopting a

set of baseline values for these three parameters, from which we illustrate the e¤ects of varying each key

parameter in turn. We should stress that the purpose here is not to o¤er a strict calibration, but rather

to explore how Bw (and Bv) behave around a sensible choice of parameters.

We �rst choose � = 0:07. This follows Kortum (1997), who matches this to the real return observed

on stock markets, which arguably provides a relevant reference point for the returns to innovation. That

said, we will explore a wide range of values for � ranging between 0.02 and 0.12. For �, we set this

equal to 4; based on (7), this corresponds to expected pro�ts making up a 25% share of expenditures

per variety in the absence of a binding patent breadth policy (as 1=(1 + �) = 0:25). We allow � to vary
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Figure 3: How Bw and Bv vary with parameter values

between 2 and 6 in our numerical exercises, which translates into an expected pro�t share ranging from

14% to 33%. Last but not least, we pick �L = 1, which implies a relatively modest average arrival rate

of one new idea per variety in a given year. Note that this set of baseline parameters satis�es �L > ��.

They moreover imply a baseline welfare-maximizing patent breadth of Bw = 1:14, with the steady-state

share of labor allocated to R&D being v(Bw) = 0:22.25

The left-hand column of Figure 3 shows how the optimal patent breadth responds to the underlying

primitives of the model. Observe �rst that a higher discount rate is associated with a lower Bw. Intu-

itively, as agents place a higher weight on current relative to future consumption, the marginal social

bene�t of promoting innovation is lower, and so the welfare-maximizing patent policy responds by placing

less emphasis on promoting research. Not surprisingly, Bw is also lower if the idea distribution exhibits

a thinner right-tail (higher �), due to the smaller marginal bene�t that can be gained from raising B

when the productivity improvement draws are on average smaller. A similar logic explains why one

should expect to see a higher optimal patent breadth in economies with a larger innovative capacity

25From (25), these parameter values also imply a maximum growth rate of the real wage of 4.8%, which is achieved
asymptotically as � �!1.
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(�L). Interestingly, among these three parameters, Bw appears most sensitive to changes in �. The plots

in the right-hand column of Figure 3 moreover con�rm that Bv (the patent breadth that maximizes the

allocation of labor to research) exhibits similar comparative statics. Note from the �gures that Bv is

always less than Bw, consistent with Proposition 5.

4 Patent Breadth Policy with Finite Patent Length

We now incorporate considerations related to patent length. This is of independent interest, given that

much of the literature on IPR protection has arguably focused on patent length as the key statutory

instrument for promoting research. Our framework also raises questions related to how the choice of

patent length might interact with the patent breadth when both instruments are available to and jointly

set by a welfare-maximizing government. It turns out that such issues can be tackled in our model of

cumulative innovation.

Suppose that the patent authority introduces a policy at time � = 0, specifying that each patent will

expire after a �xed duration, 
, has elapsed from the date the patent was �rst granted. Upon expiration,

all other �rms in the economy are free to make use of the underlying technology to produce the variety

in question, which will immediately drive down the monopoly pro�ts of the incumbent patent-holder to

zero. However, if a su¢ ciently good idea were to arrive before 
 has elapsed, namely one that clears the

patent breadth (and thus satis�es the non-obviousness criterion), then a new patent will be granted to

this innovation. In this latter situation, the incumbent will lose her market by virtue of being superseded

by a better idea, even though her patent has not yet expired. Our treatment in the previous sections thus

corresponds to 
 �!1, namely where patents do not expire, so incumbents can only be displaced by a

newly-arrived idea that embodies a su¢ ciently large improvement. In practice, however, patent boards

do not grant patents of inde�nite length. Under TRIPS, for example, 
 has been harmonized to 20 years

across all members of the WTO.

The key change that this makes in our equilibrium system of equations lies in its e¤ect on research

incentives. While investors continue to apply an e¤ective discount rate of �+ �vLB�� when evaluating

the returns from a successful innovation, they now also have to contend with the �nite expiry date of

each patent. With this modi�cation, the �ow value of an asset is:

A =

Z 


0
e�(�+�vLB

��)� � d� =
�

�+ �vLB��

h
1� e�(�+�vLB��)


i
, (28)

where the upper limit of the integral (previously1) has been replaced by 
, to re�ect the fact that each

patent will cease to yield a return after the patent length has been reached.26 The �nal expression for A

26This assumes that investors can hold a diverse portfolio of assets each with the expected value given in (28), so that the
actual timing of the expiration of an individual patent does not matter to investors.
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on the right-hand side of (28) thus equals the value of a patent if it had an in�nite life span, multiplied

by the fraction of that value that accrues during the �rst 
 years after the patent is awarded.

The equilibrium is now obtained by solving (28) together with the previous four steady-state equations

(6), (8), (19), and (21). After substituting �, A, w, and r out of this system, we are left with the following

equation that pins down v implicitly as a function of B, 
 and other model parameters:

�+ �vLB��

�+ �LB��
=
B(1 + �)� �
B(1 + �)

h
1� e�(�+�vLB��)


i
. (29)

Although we no longer can solve for the share of labor in R&D in closed-form, we can nevertheless use

(29) to establish the following lemma (see the Appendix for the proof):

Lemma 1: There exists a unique solution for v from equation (29) which lies in the interior of [0; 1] if

and only if �L > �B�
h
B(1+�)
B(1+�)��

�
1

1�e��


�
� 1
i
.

The algebraic condition in Lemma 1 is the analogue of Assumption 1 from our baseline model. (In

particular, setting B = 1 and 
 �! 1, the condition reduces to �L > ��.) Once again, the intuition

here is that the innovative capacity of the economy needs to be su¢ ciently large to ensure that the

equilibrium will feature a strictly positive amount of research e¤ort. Note that the longer is the duration

of patent protection, 
, the easier it is for this condition to be satis�ed. Moving forward, we will assume

that the above condition in Lemma 1 is met to guarantee the existence and uniqueness of v.

What implications does the patent length bear for research e¤ort and welfare in our model? First,

one can verify via log di¤erentiation of (29) that:

Lemma 2: dv
d
 > 0.

(See the Appendix for the proof.) In contrast to the patent breadth, the allocation of labor to research

increases monotonically in the strength of protection accorded by the patent length. In other words,

granting a longer (expected) duration of monopoly power to each patent-holder strictly raises the incen-

tives to undertake R&D. A quick implication is that the equilibrium allocation of labor to research when

a �nite patent length is set is strictly less than the v which would be observed under non-expiring patents

(as in our Section 3 model). This is because the patent length sets a �nite upper bound on how long a

patent-holder can exercise her monopoly power, which clearly weakens research incentives relative to our

baseline model with a de facto in�nite patent length. (The above holds regardless of the patent breadth

that is chosen, so long as B is taken as given.) Put di¤erently, while there is a �pro�t�e¤ect, there does

not exist a �hurdle�e¤ect in the case of patent length.

Turning to the issue of welfare, Lemma 2 implies that there will always be a dynamic gain to the

economy from raising the patent length, as research e¤ort is increasing in 
. This however needs to
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be balanced against the static loss that consumers must bear, owing to the longer expected duration of

each incumbent�s monopoly power. In the Appendix, we carefully show how to compute the new price

index and welfare expression when 
 is �nite, given the underlying idea arrival process in our model. To

summarize the arguments there, three cases need to be considered separately. First, when 0 < � < 
,

no patents would have expired yet during this early time frame, so that the patent length is irrelevant

for calculating the price index. Second, when � > 
 and the time since the last idea arrived exceeds 
,

then the patent on this last idea would have expired and the variety is priced at marginal cost. Third,

when � > 
, but the time since the last idea arrived is shorter than 
, then the incumbent patent-holder

adopts a limit price. With these considerations in mind, and evaluating the welfare integral over all

� > 0, we derive the following welfare expression:

U l0 =

�
1

�
+ lnB

� �
�vLB��

�2
�2 (�+ �vLB��)

h
1 +

�

�vLB��
e�(�+�vLB

��)

i
. (30)

As one would expect, (30) converges to (26) from Section 3 when 
 �! 1. Holding v constant, the

welfare expression in the presence of a �nite patent length is strictly greater than that when 
 �! 1,

the reason being that prices are on average lower under a �nite patent length: Each patent-holder�s

monopoly pricing power de�nitively gets curtailed after a duration of 
 if it has not yet been leapfrogged

by a better idea.

We can now explicitly analyze the welfare consequences of patent length policy. Di¤erentiating (30),

one can in fact show that dU l0=d
 > 0 whenever 
 is �nite. This leads to the following:

Proposition 6 When both patent length and patent breadth policy instruments are available, the optimal

policy entails using an in�nite patent length policy if welfare is the objective to be maximized.

The proof proceeds by considering (30) explicitly as a function of its arguments: U l0 = U
l
0 (B;
; v (B;
)).

Evaluating the total derivative with respect to 
, we have: dU
l
0

d
 =
@U l0
@v

dv
d
+

@U l0
@
 . We show in the Appendix

that @U
l
0

@
 < 0, namely that there are indeed static consumer surplus losses from granting patent-holders

with a longer monopoly. Nevertheless, it turns out that the positive dynamic gains from raising R&D

(@U
l
0

@v
dv
d
 , where

@U l0
@v > 0 and

dv
d
 > 0 always) strictly dominate these static losses, regardless of the patent

breadth B that might be chosen. It follows from the above that the welfare-maximizing policy calls for

setting 
 �!1 and adopting the optimal patent breadth, Bw, characterized in Section 3.

What intuition can we o¤er for the above result? Note �rst that extending the patent length strictly

raises R&D e¤ort, in contrast to the non-monotonic relationship seen in Section 3 between the patent

breadth and v that arises from the hurdle e¤ect. There is thus always a positive dynamic gain to be

had from raising 
, which counteracts the static loss from extending monopoly power. This opens the

door to the possibility that the optimal patent length could be in�nite. More importantly, there are
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no diminishing returns to innovation e¤ort in our model, as the Poisson arrival rate of ideas is simply

proportional to the aggregate amount of research labor vL at each date, and each arriving idea delivers

a productivity improvement drawn from the same underlying Pareto distribution. The intuition here

is best communicated in the case where the subjective discount rate is zero. The marginal static loss

of extending the patent length incrementally would then equal the additional consumer surplus ceded

at each date, which is a constant (independent of 
) in our model. On the other hand, the marginal

dynamic gain �the bene�t from more induced innovation �does not diminish even as 
 increases. Thus,

so long as the initial innovative capacity of the economy is large enough so that a positive amount of

R&D can be sustained (namely, the condition in Lemma 1 is met), there is always a net welfare gain

from raising 
, implying an in�nite optimal patent length.

It is interesting to compare our �ndings here with previous results from the industrial organization

literature on the optimal combination of patent instruments. Klemperer (1990) �nds that the optimal

mix of patent length and patent breadth policies can call for either long and narrow patents, or short

and broad ones, depending on conditions related to the degree of substitutability across products. The

concept of the patent breadth adopted here nevertheless focuses more on the horizontal di¤erentiation

of products, and applies less to our setting where innovation delivers ongoing improvements on existing

products. In contrast, Gilbert and Shapiro (1990) argue that an in�nite patent length, plus a patent

breadth adjusted to provide a �xed pro�t to the innovator is, under reasonably general conditions, the

welfare-maximizing policy, where the notion of breadth is captured by the size of the �ow pro�ts that

are ceded to successful innovators.27

Notwithstanding the sharp result in Proposition 6, it is commonly observed that patent boards

around the world do set �nite patent lengths in practice. While this would be inconsistent with welfare-

maximization in the context of our model, the patent authority may nevertheless seek to limit the duration

of IPR protection in pursuit of other objectives. For example, ethical or public health considerations

might prompt governments to curtail the monopoly power of pharmaceutical �rms, in order to provide

cheaper access to drugs. Our �nal result asks how the welfare-maximizing patent breadth would respond

to 
, when the latter is set by considerations that are outside of our model.

Proposition 7 Suppose that a �nite patent length 
 is set by the patent board for exogenous reasons.

Then, the welfare-maximizing patent breadth, Bw, is increasing in the choice of 
 by the patent board.

The patent breadth and the patent length are thus policy complements, in that increases in 
 will

lead to a welfare-maximizing choice of the patent breadth that grants more protection to patent-holders

(dBw=d
 > 0). Our model is actually rich enough that the dynamic gains from patent breadth policy

27Gallini (1992) �nds that an in�nite patent breadth could nevertheless be optimal if the threat of imitation by competitors
is explicitly modeled.

29



can either increase or decrease in 
 (in other words, d2v
dBd
 can be positive or negative). In a neighborhood

around Bw, it turns out that d2v
dBd
 > 0, to the extent that the bene�t from the induced innovation strictly

outweighs the static losses.

That said, from a quantitative perspective, setting a �nite patent length at durations commonly

observed in patent codes delivers outcomes that are very similar to those in the in�nite patent length

benchmark. With 
 = 20, the optimal patent breadth that is implied by our baseline parameter values

from Section 3.4 (� = 0:07, � = 4, �L = 1) implies a Bw of 1.13, and an equilibrium share of R&D

workers of v(Bw) = 0:21. This is only slightly lower than the corresponding outcomes when 
 �! 1,

which were reported earlier (Bw = 1:14 and v(Bw) = 0:22).

5 Conclusion

In this paper, we developed a general equilibrium model in which growth is sustained endogenously by

the cumulative nature of innovation. R&D activity generates new ideas that strictly build upon the

existing frontier, with the size of each productivity improvement given by an independent draw from a

Pareto distribution. We characterized the decentralized steady state of this economy, and con�rmed that

it features a lower level of research e¤ort than that which a social planner would optimally choose.

The model is particularly amenable to introducing considerations related to IPR policy. We showed

how to incorporate a patent breadth (through a �non-infringing inventive step� requirement), and de-

composed the e¤ects of this patent instrument on innovation and welfare. In particular, the model

accommodates the possibility that R&D may actually decline when IPR protection is increased. The

model also features a unique welfare-maximizing patent breadth that optimally trades o¤ the potential

innovation gains from a stronger patent protection against the consumer surplus losses incurred. These

results are robust even when the patent authority has access to patent length policy, as the optimal

choice of this latter instrument calls for setting it to in�nity.

While we have focused on patenting and the scope for welfare-improving policy in this paper, the

framework here nevertheless o¤ers several promising avenues for future research. It would be natural to

generalize the model to a setting where knowledge is partially rather than fully cumulative, to relax the

strong structure that the latter speci�cation imposes on the innovation process. The tractability of the

model moreover suggests that there is potential to take it to a multi-country setting, to study issues such

as the cross-border spillover e¤ects of patent policy. These are lines of research that we hope to pursue.
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Appendix (Details of proofs)

Computing the price index (baseline model)

We derive the closed-form expression for the price index in the baseline model with no binding NIS. This

requires that we evaluate the expected log price in (12).

First, observe that if � is a random variable from a standardized Pareto distribution, then ln � inherits

an exponential distribution. Speci�cally, if Pr(� < z) = 1 � z�� for all z 2 [1;1), then Pr(ln � <
ln z) = 1 � z��. Performing the change of variables y = ln z, we have: Pr(ln � < y) = 1 � expf��yg,
which is the cdf of an exponential distribution with scale parameter 1=� and support y 2 [0;1). Since
Z(k�1) = �k�1l=1 Z

(l)=Z(l�1) is the product of (k � 1) independent draws from the standardized Pareto

distribution, it follows that lnZ(k�1) is the sum of (k�1) independent draws from the above exponential

distribution with cdf Pr(ln � < y) = 1� expf��yg.
We now show that lnZ(k�1) inherits a Gamma distribution. In general, the Gamma distribution is a

two-parameter distribution with support z > 0 and pdf:

f(z) =
1

�(p)
zp�1a�pe�z=a,

where p is termed the shape parameter, and a is the scale parameter; �(p) =
R1
0 e�ttp�1dt is a constant

of proportionality also known as the Gamma function evaluated at p. The mean of this distribution is

given by pa. (The cdf of the Gamma distribution does not take on a simple form.)

It turns out that the sum of (k � 1) independent draws from the exponential distribution with

cdf 1 � expf��zg inherits a Gamma distribution with shape parameter (k � 1) and scale parameter
1=�. This is most easily seen by invoking properties of the characteristic function, speci�cally that the

characteristic function of the sum of two independent random variables is equal to the product of their

respective characteristic functions. For our purposes, note that the characteristic function of the above

exponential distribution is 1=(1� (1=�)it), while that of the Gamma distribution with shape parameter
(k � 1) and scale parameter 1=� is 1=(1 � (1=�)it)k�1. It follows that E[lnZ(k�1)] is the mean of this
Gamma distribution, which is simply (k � 1)=�. See, in particular, Gut (2009) for a reference for these
properties of the Gamma distribution.

The expected log price in (12) can now be evaluated as follows:

E [lnP� ] =
(�vL�)0

0!
e��vL� lnw� +

1X
k=1

(�vL�)k

k!
e��vL�

�
lnw� �

k � 1
�

�

= (lnw� )
1X
k=0

(�vL�)k

k!
e��vL� +

1

�

1X
k=1

(�vL�)k

k!
e��vL� � 1

�

1X
k=1

(�vL�)k

k!
e��vL�k.

Note that (�vL�)
k

k! e��vL� is the probability that exactly k events occur from a Poisson distribution with

mean �vL� . For this distribution, we make use of the following properties: (i)
P1
k=0

(�vL�)k

k! e��vL� = 1;

(ii)
P1
k=1

(�vL�)k

k! e��vL� = 1 � e��vL� ; and (iii)
P1
k=1

(�vL�)k

k! e��vL�k =
P1
k=0

(�vL�)k

k! e��vL�k = �vL� .

Substituting these into the above then yields: E [lnP� ] = lnw� + 1
�

�
1� �vL� � e��vL�

�
. �
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Solving the social planner�s problem

Observe from (16) that the quantity of each variety is given by:

lnx� (j) = lnL
p
� (j) + lnZ� (j)� lnL.

Substituting this expression for lnx� (j) into the utility function (3), one can rewrite the maximand

of the social planner�s problem as:

U0 =

Z 1

0
e���

�Z 1

0
lnLp� (j) dj +

Z 1

0
lnZ� (j) dj � lnL

�
d� . (31)

First, note that the expected log productivity of a variety at time � can be evaluated as follows:Z 1

0
lnZ� (j) dj = E [lnZ� ] =

1X
k=0

(�vL�)k

k!
e��vL�E[lnZ(k)],

where recall that Z(k) denotes the productivity level if exactly k ideas have arrived between times 0

and � . The argument that we applied in deriving the price index implies that lnZ(k) inherits a Gamma

distribution with mean k=�. Replacing E[lnZ(k)] by k=� and simplifying, we have:
R 1
0 lnZ� (j) dj =

1
�

P1
k=0

(�vL�)k

k! e��vL�k = �vL�=�.

Next, conditional on her choice of v, the social planner would need to solve the following problem for

allocating production labor to each variety in order to maximize the expression for U0 in (31):

max
fLp� (j)g1j=0

Z 1

0
lnLp� (j) dj

s.t.
Z 1

0
Lp� (j) dj = L(1� v) for all � � 0.

It is straightforward to see that the solution to the above is to have Lp� (j) set constant and equal to

L(1 � v) for all varieties j and all � � 0. This arises from the fact that lnLp� (j) is concave in L
p
� (j), so

that the integral will be maximized by spreading production labor evenly across each variety.

Substituting these expressions for
R 1
0 lnZ� (j) dj and lnL

p
� (j) into (31), we have:

U0 =

Z 1

0
e���

�
ln [L(1� v)] + �vL�

�
� lnL

�
d�

=
ln(1� v)

�
+
�vL

�2�
.

The problem of maximizing U0 is then solved by setting the �rst-order condition with respect to v equal

to zero:
dU0
dv

=
1

�

�
� 1

1� v +
�L

��

�
= 0,

which yields: vSP = �L���
�L , as claimed in Section 2.4. It can readily be seen that the second-order

condition is satis�ed. �
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Proof of Proposition 3

Suppose that �(� � 1)
�

�2

�2�1

��
< �L < ��. As discussed in the main text, when �L < ��, we know that

v(1) < 0. Also, since � > 1, �L > �(� � 1)
�

�2

�2�1

��
> �(� � 1), which implies that Proposition 2 applies.

In particular, this means that dv
dB > 0 for all B 2 [1; B

v).

Bear in mind that v(B) is continuous for all B � 1, and is moreover strictly increasing when B 2
[1; Bv). Thus, if v(Bv) were to be strictly positive, the intermediate value theorem can then be applied

to show that there exists a unique Br 2 [1; Bv), such that setting a NIS B 2 (Br; Bv] will yield a strictly
positive value of v and hence shift the economy into a positive-growth steady state. Note that this

argument implies that v(Bv) > 0 is a necessary and su¢ cient condition for the existence of this Br. To

simplify this condition, we substitute the closed-form expression for Bv from the main text into equation

(22). After some simpli�cation, the requirement that v(Bv) > 0 is equivalent to �L > �(� � 1)
�

�2

�2�1

��
,

which is precisely the lower bound for �L stipulated as a condition for Proposition 3 to hold.

For completeness, we need to show that there exist values of � that satisfy the conditions for

Proposition 3. Speci�cally, we need: � > (� � 1)
�

�2

�2�1

��
. After some rearrangement, this boils

down to:
�
��1
�

���1
>
�

�
�+1

��
. Consider then the function f(y) =

�
y
y+1

�y
, for y > 0. It su¢ ces

to show that d log f(y)=dy < 0 in order to establish that
�
��1
�

���1
>
�

�
�+1

��
for all � > 1. Now:

d log f(y)=dy = log
�
1� 1

y+1

�
+ 1
y+1 . Using the Taylor series expansion: log(1� x) = �

P1
i=1 x

i=i for all

jxj � 1, and replacing x by 1
y+1 , it is straightforward to see that d log f(y)=dy < 0 as desired. �

Computing the price index (with NIS B � 1)

Observe that ~Z(k�1) is the product of (k�1) independent draws from the Pareto distribution in (18) with
shape parameter � and support [B;1). (This uses the fact that ~Z(0) = 1, by our choice of normalization.)
If ~� is a draw from this Pareto distribution, then Pr(ln ~� < ln ~z) = 1�(~z=B)��. Performing the change of
variables y = ln ~z, we have Pr(ln ~� < y) = 1� expf��(y � lnB)g for y 2 [lnB;1). This is the cdf of an
exponential distribution with scale parameter 1=�, but whose support has been linearly translated to the

right by lnB. Thus, the random variable ln
�
~Z(k)= ~Z(k�1)

�
� lnB takes on an exponential distribution

with cdf 1� expf��yg, where y 2 [0;1).
It follows that ln ~Z(k�1)�(k�1) lnB is the sum of (k�1) independent draws from this last exponential

distribution with support y 2 [0;1). As we have seen in the baseline model, this means that ln ~Z(k�1)�
(k� 1) lnB has a Gamma distribution with shape parameter (k� 1) and scale parameter 1=�, which we
have seen has mean (k � 1)=�. We thus have: E[ln ~Z(k�1)] = (k � 1)=� + (k � 1) lnB.

The log of the ideal price index from (24) can now be re-written as:

E [lnP� (j)] = (lnw� )

1X
k=0

�
�vLB���

�k
k!

e��vLB
��� �

�
1

�
+ lnB

� 1X
k=1

�
�vLB���

�k
k!

e��vLB
��� (k � 1).

We now substitute in the following properties which come from the Poisson distribution with mean

�vLB��� : (i)
P1
k=0

(�vLB���)
k

k! e��vLB
��� = 1; (ii)

P1
k=1

(�vLB���)
k

k! e��vLB
��� = 1 � e��vLB��� ; and

(iii)
P1
k=1

(�vLB���)
k

k! e��vLB
���k = �vLB��� . After some algebra, one then obtains: E [lnP� (j)] =

lnw� +
�
1
� + lnB

� �
1� �vLB��� � e��vLB���

�
. �
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Proof of Proposition 4: Existence and uniqueness of Bw

From Section 3.3, recall that U0(B) = 0 for all B � B0, while U0(B) is clearly positive whenever v is

positive, namely when B 2 [1; B0). We moreover established that dU0
dB < 0 for all B 2 [Bv; B0), where

Bv is the value of B that maximizes v(B). This led to the conclusion that the value of B that maximizes

U0(B) needs to satisfy Bw 2 [1; Bv), as stated in Proposition 4.
To show that this welfare-maximizing Bw is unique, we therefore focus on the behavior of dU0dB in the

interval [1; Bv). From (27), we know that the sign of this derivative is given by the sign of:

h(B) =

�
1

�
+ lnB

�
B
dv

dB
� �v lnB � �v

2�+ �vLB��
.

We now claim that: (i) h0(B) < 0 for all B 2 [1; Bv); (ii) h(B) > 0 at B = 1; and (iii) h(B) < 0 at

B = Bv. Given these properties, the intermediate value theorem will then imply that there is a unique

B 2 [1; Bv) satisfying h0(B) = 0. This B will be precisely our desired unique welfare-maximizing NIS.

To establish property (i), di¤erentiate h(B) with respect to B. After some simpli�cation, we have:

h0(B) =
dv

dB
� �v
B
+

�
1

�
+ lnB

��
dv

dB
+B

d2v

dB2

�
� (� lnB) dv

dB
� �

2�+ �vLB��

�
1� �vLB��

2�+ �vLB��

�
dv

dB
� ��vLB��

(2�+ �vLB��)2
�v

B
.

Looking �rst at the terms on the second line of the above expression, bear in mind that dv
dB > 0 and

v(B) > 0 for all B 2 [1; Bv). Observe that �vLB��

2�+�vLB��
< 1, and also � lnB � 0 (since B � 1). It

follows that all the terms on this second line are strictly negative in the interval [1; Bv), with the possible

exception of � (� lnB) dvdB which is (at worse) weakly negative. The sum of these terms on the second

line is thus strictly negative.

Next, observe that: B d2v
dB2

= �2 dvdB �
�
1+�

1
B2

�(��1)�
�L B�. (This can be veri�ed by direct di¤erentiation

of (22).) From this, we can deduce that: lnB
�
dv
dB +B

d2v
dB2

�
� 0 when B 2 [1; Bv). We thus have that:

h0(B) <
dv

dB
� �v
B
+
1

�

�
dv

dB
+B

d2v

dB2

�
.

Now, substitute in the expressions for v from (22), for dv
dB from (23), and for B d2v

dB2
from above into

the right-hand side of this inequality. Simplifying, this yields:

h0(B) <
�

1 + �

1

B2

�
(1�B)(1 + �)� 1

�
� �

�L
B�
�
(� � 1)2
�

� 1
��
.

If (��1)
2

� � 1 � 0, the right-hand side of the above would clearly be negative for all B � 1. It follows

that h0(B) < 0 in the interval [1; Bv). Conversely, if (��1)
2

� � 1 < 0, a more careful argument is needed.
From (23), the condition that dv

dB > 0 provides us with the following bound:
�
�LB

� < 1
��1 . We thus have:

�1
� �

�
�LB

�
�
(��1)2
� � 1

�
< �1

� +
1
��1

�
1� (��1)2

�

�
< 0 when � > 1. This leads us to the same conclusion

that h0(B) < 0 for all B 2 [1; Bv). This completes the proof of property (i).
Property (ii) can be established by substituting in: v(1) = �L���

�L(1+�) and
dv
dB jB=1 =

�
1+�

�L���+�
�L into

the expression for h(B). After some algebra, one �nds that h(1) is equal up to a positive multiplicative

constant to: (�L� ��)(�L+ 2�) + 2�2(1 + �), so that h(1) > 0 under Assumption 1.
Last but not least, property (iii) follows the fact that dv

dB = 0 and v > 0 at B = B
v. Substituting this

into the expression for h(B), one immediately sees that h(Bv) < 0. �
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Extension with patent length

Proof of Lemma 1: Taking the patent policy parameters (B and 
) as given, we �rst rearrange (29)

in order to de�ne the following function in v:

g(v) � B(1 + �)� �
B(1 + �)

h
1� e�(�+�vLB��)


i
� �+ �vLB

��

�+ �LB��

Our task boils down to establishing under what conditions there exists a v 2 (0; 1) that satis�es g(v) = 0,
as well as whether this v is unique.

First, when v = 1, g(1) = B(1+�)��
B(1+�)

�
1� e�(�+�LB��)


�
� 1 � 0. This follows from the fact that: (i)

B(1+�)��
B(1+�) 2 (0; 1] when B 2 [1;1); and (ii) 1� e�(�+�LB��)
 2 (0; 1] when 
 > 0. Moreover, one can see
that g(1) < 0 (the inequality is strict) when B is �nite. Next, straightforward di¤erentiation shows that

g00(v) < 0 when 
 > 0, so that g is concave.

It follows that if g(0) > 0, then the intermediate value theorem will imply the existence of at least one

solution for g(v) = 0 in the interior of [0; 1]. This solution will moreover be unique due to the concavity of

g: If g0(0) > 0, then g increases to its unique turning point and then decreases monotonically thereafter,

cutting the horizontal axis at a unique point. On the other hand, if g0(0) � 0, it means that g decreases
monotonically to its negative value at g(1), hence ensuring the root is unique once again. The condition

that g(0) > 0 simpli�es to: �L > �B�
h
B(1+�)
B(1+�)��

�
1

1�e��


�
� 1
i
, which is precisely the condition stated

in Lemma 1.

On the other hand, if g(0) � 0, we show that g0(v) < 0 for all v > 0, so that there does not exist a v
in the interior of [0; 1] that solves g(v) = 0. If g(0) � 0, we have that: B(1+�)��B(1+�) � �

�+�LB��

�
1

1�e��


�
. It

follows that:

g0(v) =
B(1 + �)� �
B(1 + �)

�LB��
e�(�+�vLB
��)
 � �LB��

�+ �LB��

� �

�+ �LB��
�LB��


e�(�+�vLB
��)


1� e��
 � �LB��

�+ �LB��

<
�LB��

�+ �LB��

�
�
e��


1� e��
 � 1
�
.

In the above, we use g(0) � 0 to obtain the �rst inequality. For the second inequality, we use the fact
that: e�(�+�vLB

��)
 < e��
 when v;
 > 0. Consider now the function: f(x) � xe�x+ e�x� 1. Observe
that f(0) = 0 and that f 0(x) = �xe�x < 0 for all x > 0. Thus, f(x) < 0 for all x > 0. Replacing x by
�
 and rearranging, this implies: �
e��


1�e��
 � 1 < 0 when 
 > 0. It follows that g0(v) < 0 for all v > 0.

This establishes our claim that g(v) = 0 has no solution in the interior of [0; 1] when g(0) � 0.
Thus, �L > �B�

h
B(1+�)
B(1+�)��

�
1

1�e��


�
� 1
i
is a necessary and su¢ cient condition for the existence and

uniqueness of a v 2 (0; 1) that solves our equilibrium system of equations. �

Proof of Lemma 2: Log di¤erentiating (29), we have:

�LB��

�+ �vLB��

"
1� (�+ �vLB

��)
e�(�+�vLB
��)


1� e�(�+�vLB��)


#
dv =

(�+ �vLB��)e�(�+�vLB
��)


1� e�(�+�vLB��)

d
,

which implies:

dv

d

=
(�+ �vLB��)2

�LB��
� e�(�+�vLB

��)


1� e�(�+�vLB��)
 � (�+ �vLB��)
e�(�+�vLB��)

. (32)
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In the proof of Lemma 1, we established properties of the function f(x) � xe�x + e�x � 1, in particular
that f(x) < 0 for all x > 0. We now replace x by (� + �vLB��)
, from which it follows that: 1 �
e�(�+�vLB

��)
 � (�+ �vLB��)
e�(�+�vLB��)
 > 0. Thus, dvd
 > 0. �

Deriving the welfare formula: As a �rst step, we need to re-compute the expression for the price
index, namely E[lnP� (j)] for all � � 0, in the presence of a �nite patent length, 
.

When 0 � � < 
, new patents can be granted on the basis of the NIS being cleared, but no patents
would yet have expired. During this early time period then, the patent length is irrelevant and the price in-

dex is given by that in our Section 3 model, namely: E [lnP� (j)] = lnw�+
�
1
� + lnB

� �
1� �vLB��� � e��vLB���

�
when 0 � � < 
.

When � � 
, we need to consider sub-cases. First, if no patentable ideas have yet arrived for variety
j, the market price for this variety will equal its marginal cost, w� . This event occurs with probability
(�vLB���)

0

0! e��vLB
��� .

Suppose then that exactly k � 1 patentable ideas have arrived by time � for the variety in question.
If all k of these ideas arrived between times 0 and � �
, then the patent on the k-th idea would already
have expired. Producers can freely use the technology embodied by this k-th idea in production, so that

the expected log price of the variety would be equal to: lnw� � E
�
ln ~Z(k)

�
. This event occurs with

probability:�
�vLB�� (� � 
)

�k
k!

e��vLB
��(��
) � e

��vLB��


0!
=

�
�vLB���

�k
k!

e��vLB
���

�
� � 

�

�k
.

Incidentally, the above discussion implies that conditional on having k ideas arrive between time 0 and

� , the probability that the waiting time between the arrival of the k-th idea and time � being greater

than 
 is equal to
�
��

�

�k
.

On the other hand, suppose that the k-th patentable idea actually did arrive between time � �
 and
� . Since the patent on the k-th idea would not yet have expired, the expected log price of the variety

would be equal to: lnw� � E
�
ln ~Z(k�1)

�
, as the owner of the k-th idea would set this limit price. This

event occurs with complementary probability:�
�vLB���

�k
k!

e��vLB
���

"
1�

�
� � 

�

�k#
.

Combining these sub-cases, we thus have that when � > 
:

E [lnP� (j)] =

�
�vLB���

�0
0!

e��vLB
��� lnw� +

1X
k=1

�
�vLB���

�k
k!

e��vLB
���

�
(�

� � 

�

�k h
lnw� � E

�
ln ~Z(k)

�i
+

 
1�

�
� � 

�

�k!h
lnw� � E

�
ln ~Z(k�1)

�i)

= lnw� �
1X
k=1

�
�vLB���

�k
k!

e��vLB
��� �

(�
� � 

�

�k
E
�
ln ~Z(k)

�
+

 
1�

�
� � 

�

�k!
E
�
ln ~Z(k�1)

�)
.

In Section 3.3, we saw that E[ln ~Z(k�1)] =
�
1
� + lnB

�
(k � 1) for all k � 1. Using this property in the

above price index, we have:

E [lnP� (j)] = lnw� �
�
1

�
+ lnB

� 1X
k=1

�
�vLB���

�k
k!

e��vLB
��� �

(
k � 1 +

�
� � 

�

�k)
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To simplify the above, we apply the following properties which are associated with the Poisson distribu-

tion: (i)
P1
k=1

(�vLB���)
k

k! e��vLB
��� = 1� e��vLB��� ; and (ii)

P1
k=1

(�vLB���)
k

k! e��vLB
���k = �vLB��� .

Observe also that:
1X
k=1

�
�vLB��(� � 
)

�k
k!

e��vLB
��� = e��vLB

��

1X
k=1

�
�vLB��(� � 
)

�k
k!

e��vLB
��(��
)

= e��vLB
��
 � e��vLB

��� .

Substituting these properties in and simplifying, we obtain the following expression for the price index

when � � 
: E [lnP� (j)] = lnw� +
�
1
� + lnB

� �
1� �vLB��� � e��vLB��


�
.

Welfare in the presence of patent length policy (denoted by U l0) is therefore given by:

U l0 =

Z 1

0

e��� ln

�
w�

E [lnP� (j)]

�
d�

= �
�
1

�
+ lnB

�"Z 


0

e���
�
1� �vLB��� � e��vLB

���
�
d� +

Z 1




e���
�
1� �vLB��� � e��vLB

��

�
d�

#

=

�
1

�
+ lnB

� �
�vLB��

�2
�2 (�+ �vLB��)

h
1 +

�

�vLB��
e�(�+�vLB

��)

i
. �

Proof of Proposition 6: To determine what the welfare-maximizing choice of patent length is, we �rst
derive an expression for dU

l
0

d
 . It will be useful here to perform this di¤erentiation via:
dU l0
d
 =

@U l0
@v

dv
d
+

@U l0
@
 ,

since this provides us with a decomposition between the dynamic gains (@U
l
0

dv
dv
d
) and static losses (

@U l0
@
 )

that arise from a small increase in the patent length. In particular, note that we already have an

expression for dv
d
 from (32), which was shown to be positive in Lemma 1.

The welfare expression from (30) delivers the following partial derivatives:

@U l0
@v

=

�
1

�
+ lnB

�
�LB��

�2 (�+ �vLB��)
2 �

�
(2�+ �vLB��)�vLB��

+�2e�(�+�vLB
��)
 � ��vLB��(�+ �vLB��)
e�(�+�vLB

��)

i
, and

@U l0
@


= �
�
1

�
+ lnB

�
�vLB��

�
e�(�+�vLB

��)
.

Clearly, @U
l
0

@
 < 0, consistent with this term re�ecting the static losses that result from conferring

patent-holders with a longer expected duration of monopoly power.

We can further show that @U
l
0

@v > 0. To see this, recall that in the proof of dvd
 > 0, we showed that:

1 � e�(�+�vLB��)
 > (� + �vLB��)
e�(�+�vLB
��)
. We use this fact now, focusing speci�cally on the

terms in the square brackets in the expression for @U
l
0

@v :

(2�+ �vLB��)�vLB�� + �2e�(�+�vLB
��)
 � ��vLB��(�+ �vLB��)
e�(�+�vLB

��)


> (2�+ �vLB��)�vLB�� + �2e�(�+�vLB
��)
 + ��vLB��

�
e�(�+�vLB

��)
 � 1
�

> 0.

This veri�es that the dynamic gains from raising 
 that work through the increase in research e¤ort in

the economy are indeed positive. (In other words, @U
l
0

dv
dv
d
 > 0.)

We now use the above partial derivatives and the expression for dv
d
 from (32). After some algebraic

simpli�cation, this gives:
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dU l0
d


=

�
1

�
+ lnB

�
�LB��

�2(�+ �vLB��)

h
�vLB�� + �e�(�+�vLB

��)

i dv
d

,

which is clearly positive. There is therefore always a marginal welfare gain from raising 
, regardless of

the value of B. The welfare-maximizing choice is to set 
 �! 1, which corresponds to in�nite patent
length policy. �

Proof of Proposition 7: Suppose that 
 is exogenously set. Since Bw solves dU l0
dB = 0, we apply the

implicit function theorem to understand how Bw varies with 
:

dBw

d

= � d2U l0

dBd

=
d2U l0
dB2

.

Since welfare is maximized at Bw, we have d2U l0
dB2

< 0 when evaluated at B = Bw. Thus, dB
w

d
 will inherit

the sign of d2U l0
dBd
 . (The above argument assumes that B

w exists and is not a corner solution, but as we

shall see below, this is indeed the case.)

To pin down the sign of d2U l0
dBd
 , note from the proof of Proposition 6 that dU

l
0

d
 can be re-written (after

some algebraic substitutions) as:
dU l0
d


= U l0
1

v

dv

d

.

The desired cross-derivative can therefore be evaluated as:

d2U l0
dBd


=
dU l0
dB

1

v

dv

d

+ U l0

d

dB

�
1

v

dv

d


�
.

Since dU l0
dB = 0 at B = Bw, only the second term in the sum on the right-hand side is relevant. The

derivative in this second term is in turn given by:

d

dB

1

v

dv

d

=

1

v

dv

d


�
dv

dB
� �v
B

�
�
"
� �

v(�+ �vLB��)
+

�LB��

�+ �vLB��

 
1� e�(�+�vLB��)
 � (�+ �vLB��)


1� e�(�+�vLB��)
 � (�+ �vLB��)
e�(�+�vLB��)


!#
.

Note that the function 1� x� e�x assumes the value of 0 at x = 0, and moreover is decreasing in x (its
derivative is strictly negative for x > 0). We thus have: 1� e�(�+�vLB��)
� (�+ �vLB��)
 < 0. Recall
also from the proof of Lemma 2 that: 1� e�(�+�vLB��)
� (�+�vLB��)
e�(�+�vLB��)
 > 0. From this,

we deduce that the sign of the term in the square brackets above is strictly negative.

It remains to pin down the sign of dvdB �
�v
B at B = Bw. To do so, we �rst di¤erentiate U l0 with respect

to B, in order to write down the �rst-order necessary condition that Bw must satisfy, taking 
 as given.

Some algebraic work leads to the following:

dU l0
dB

/
�
1

�
+ lnB

�
B
dv

dB
� �v lnB � �v

�+ �
, (33)

where �/�denotes equality up to a positive multiplicative constant, and � is de�ned as:

� � �+ �vLB��

�vLB��
�vLB�� + �e�(�+�vLB

��)


1� e�(�+�vLB��)
 � (�+ �vLB��)
e�(�+�vLB��)

.
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Note that � > 0. Equation (33) is the analogue of equation (27) in Section 3.3 where no patent length

considerations were involved. At Bw, we must have:
�
1
� + lnB

�
B dv
dB = �v lnB +

�v
�+� , so that:�

1

�
+ lnB

�
B

�
dv

dB
� �v
B

�
= v

�
�1 + �

�+ �

�
< 0.

Summing up the above argument, since 1v
dv
d
 > 0 and

dv
dB�

�v
B < 0, it follows that: d2U l0

dBd
 = U
l
0
d
dB

1
v
dv
d
 >

0, so that: dB
w

d
 > 0.

Two details remain to be checked, namely that maxima of the welfare function U l0 with respect to B

exist, and that Bw 6= 1 (the corner solution). We show �rst that dU
l
0

dB is strictly positive at B = 1, so that

the corner solution cannot be the welfare-maximizing NIS. Observe that (33) can be re-written as:

dU l0
dB

/ v

�
1� �

�+ �

�
+

�
1

�
+ lnB

�
B

�
dv

dB
� �v
B

�
.

Notice that if dvdB �
�v
B > 0 at B = 1, then dU l0

dB will be strictly positive at B = 1. To evaluate the sign of
dv
dB �

�v
B , we totally di¤erentiate equation (29) to obtain an expression for

dv
dB , and then subtract

�v
B to

obtain:

dv

dB
� �v
B

=
�v

B

�
1

B(1 + �)� � �
�LB��

�+ �LB��

�
1� e�(�+�vLB��)


�vLB�� + �e�(�+�vLB��)

�.

At B = 1, we have: 1
B(1+�)�� �

�LB��

�+�LB��
= �

�+�L > 0, so that dv
dB �

�v
B > 0 and hence dU l0

dB > 0. This

rules out the possibility of the corner solution being the welfare-maximizing NIS. Moreover, it implies

that small increases in B in the neighborhood of B = 1 generate welfare improvements.

To further show that a maxima exists, we argue that it cannot be the case that dU
l
0

dB > 0 for all B > 1,

by showing that there is at least one �nite value of B for which dU l0
dB < 0. The continuity of dU

l
0

dB would

then imply the existence of at least one value of B (call it Bw) for which dU l0
dB < 0 in a small neighborhood

to the left of Bw, dU
l
0

dB = 0 when evaluated at Bw, and dU l0
dB > 0 in a small neighborhood to the left of Bw.

It su¢ ces for us to show that there exists at least one �nite value of B for which dv
dB = 0; from (33), dU

l
0

dB

would then be negative. To see this, observe �rst that dv
dB �

�v
B > 0 implies that dv

dB > 0 at B = 1. Now,

as we increase B toward 1, the condition �L > �B�
�

B(1+�)
B(1+�)��

1
1�e��
 � 1

�
for an value of v interior to

[0; 1] to exist would eventually be violated for B su¢ ciently large, as the right-hand side of the inequality

would tend to 1. When this occurs, the innovative capacity of the economy is not su¢ ciently large to
support research, so that v = 0. So we have v > 0 and dv

dB > 0 at B = 1, and v eventually being 0 for B

su¢ ciently large. It follows that there exists a �nite value of B at which dv
dB = 0. �
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